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MODULI SPACES OF STABLE SHEAVES ON ABELIAN SURFACES 



KOTA YOSHIOKA 



0. Introduction 



^^ . Let X be a smooth projective surface defined o ver C and H an ample line bundle on X. If Kx is trivial, 



that is, X is an abelian or a K3 surface, Mukai | Mu4| introduced a quite useful notion now called Mukai 



o 

^ : lattice (7J™(X,Z), ( , )), where H<'''{X,Z) = ®,H^'{X,Z) and {x,y) = -/^(x^y) (see Defn. 1.1;. ^ , / 

Oj' is an even unimodular bilinear form. For a coherent sheaf E on X, we can attach an element of H'^'"{X,1,) 

.^ . called Mukai vector v{E) :— ch(£')-y/tdx, where ch(£') is the Chern character of i? and tdx is the Todd class 

of X. If X is an abelian surface, then tdx = 1, and hence viE) is nothing but the Chern character of E. For 

^^ . an element v G H* (X, Z) , we denote the 0-th component vq € i?" (X, Z) by rk v and the second component 

v\ € H'^{X,Z) by ci(w). We set £{v) := gcd{Tkv,Ci{v)) G Z>o. Then v is written as ti = £{v){r + S.) + auj, 
where w is the fundamental class oi X , r £ Z, ^ £ H'^{X, Z) and r-\-^ is primitive. We denote the moduh space 

^_^ ' of (Gieseker) stable sheaves E oiv{E) = w by Mh{v) and its Gieseker compactification by Mh{v). In |Mu3 | 



.^ . Mukai proved that Mh{v) is smooth of dimension (w^) + 2. Moreover, he constructed a natural symplectic 

• ' structure on Mh{v). If _ff is a general element of the ample cone Amp(X) (i.e. there are hyperplanes 



called walls in NS(X) and H does not lie on these walls |Y2|) and v is primitive, then Mh{v) — Mh{v), 
2 ' in particular Mh{v) is a projective scheme. Hence under this condition, AIh{v) is a projective symplectic 

manifold. We remark that the number of walls is locally finite. Thus this condition is not strong. If X is 
a K3 surface and v is primitive, then Mh{v) is extensively studied by many authors. In particular, Mh{v) 
f^ , is an irreducible symplectic manifold and the period of Mh{v) is written down in terms of Mukai lattice 

>; ([^i^, JM^, l0[, [Y5[,1Y7|). 



In this paper, we shall treat mainly the case where X is an abelian surface. Let v — r+ci+acj G H'^'"{X, Z), 

O ■ ci e NS(X), be a Mukai vector, where we identify H^{X,Z) with Z. 

0^ I Definition 0.1. A Mukai vector v is positive {v > 0), if (1) r > 0, or (2) r — 0, ci is effective and a 7^ or 

O . (3) r = ci = and a < 0. 

O ' Let E he a, stable sheaf of v{E) = v on X. Then obviously T*{E) (g) L ^ i? for a general (x, L) S 

f-| ■ X X Pic°(X). Thus d\m.MH{v) — (u^) + 2 > 0. Since Mh{v) is a symplectic manifold, di m Mh {v) is even, 

-(— > ■ ■ ' "' ---■-■ - - - - - ^ , - . ... . , ^ _ ^. 

s 



and hence (w^) > 0. If {v'^) = 0, then Mukai showed that Mh{v) is an abelian surface (see |Mu6, (5.13)]). 

In | ]Y3[ |, we studied H^{Mh{v),Z) for i = 1,2 under the assumption £{v) = 1. We also constructed a 
morphism ay : Mh{v) -^ X x X and proved that a^ is an albanese map f or { v^) > 2, where X is the dual of 
K^ ■ X. In this paper, we remove the technical assumptions in |Y3[ (Theorem |4.1| ) and compute the deformation 

type of Mh{v). 



Theorem 0.1. Let X be an abelian surface. Let v be a primitive Mukai vector such that v > Q, ci[v) £ 
NS(X) and {v"^) > 2. Then for an ample divisor H such that Mh{v) — Mh{v), 

(1) a„ : Mh(v) ^ X X X is the albanese map. 

(2) Mh{v) is deformation equivalent to X x Hilb^ 

Then our next interest is the fiber of the albanese map. If (u^) — 0, then Mukai showed that a^ is an 
immersion. If (u^) = 2, then Mukai Mu2|| and the author |Y3, Prop. 4.2] showed that Oi, : Mh{v) -^ X x X 



is an isomorphism. Hence we assume that {v"^) > 4. Let Kh{v) be a fiber of a„. Then dimi^//(w) — 

Hence if (u^) > 6, then dimKHiv) > 4. In this case, we get the following, which is an analogous result to 

that for a K3 surface. 

Theorem 0.2. Let X be an abelian surface. Let v g H'^'"{X, Z) be a primitive Mukai vector such that w > 0, 
ci(v) G NS(X) and (v^) > 6. 

(1) For a general ample line bundle H , Kfj{v) is deformation equivalent to a generalized Kummer variety 
Kiy2\i2-i constructed by Beauville. Ln particular, Kh{v) is an irreducible symplectic manifold. 

(2) Let Bxh(v) be Beauville's bilinear form on H^{Kh{v),Z). Then 

(0.1) 0v:{v^A , ))^{H\KH{v),Z),BK„i.)) 
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is an isometry of Hodge structures, where 9y is the composition of Mukai homomorphism v^ —> 
H'^{Mh{v),Z) and the restriction map H'^{Mh{v),Z) -> H'^{KHiv),Z). 

Our theorem shows that Mukai lattice for an abehan surface is as important as that for a K3 surface. 
This is our main motivation of this paper. As an apphcation of this theorem, we shall show that for some v, 
Mh{v) is not birationally equivalent to y x Hilby for any Y ( Example [4.l[) . 

In section 1, we collect some known facts which will be used in this paper. Also we define chamber 
structure of polarizations for moduli spaces of stable sheaves of pure dimension 1. In section 2, we collect 
elementary facts on Fourier-Mukai transforms. In K3 surface s case s, we know that isometrics of Mukai 
lattices are quite useful to compute the period of moduli spaces [ Mu4 , |]Y5|] , [ Y7|. Hence it is als o important 
to study isometrics in our cases. Fourier-Mukai transforms are good examples of isometrics [Mu5|l. So we also 



'ion ^.4| 



and |2^ 

> Mh'{w) 



consider the relation between Fourier-Mukai functors and the homomorphism dy (Propositior 
Indeed, if we can find enough examples to prove Theorem 0.2 (1) of birational maps Mh{v) ■ 
induced by Fourier-Mukai functor, then (2) follows immediately from these propositions. 

Unfor tunately, even for original Fourier-Mukai functor !F-p investigated by Mukai Mu2| , | Mu5|] (also see 
[1A|, ]F-L| ]), only a few example of birational maps induced by T-p are known. Hence it is very interesting to 
construct lots of examples of birational maps. In section 3.1, we shall construct enough examples (Proposition 
3.2, 3.5) to prove Theorem D.l and 12 for the case where £{v) = 1. Let us briefly explain the main idea of 
our construction. 

Let {X, H) be a polarized abelian surface of NS(A') — IH . Let X be the dual abelian surface of X and 
V the Poincare line bundle on AT x AT. We assume that viE) = r + H + auj and x{E) = r + a < 0. Then for 
any E G Mh{v), we can show that 

(1) J'^iE) ■- R^p^^{p*xE ® T') = for i 7^ 1 and 

(2) T],{E) is a stable sheaf, 

where px : A x A ^ A (resp. p^ : A x A ^ A) is the projection. We shall explain how to prove (1). Since 
E is stable and (ci(_E), H) > 0, !F^{E) = 0. Since p*xE (g) P is torsion free, it is sufhcient to prove 

(0.2) #{xeX\H'^{X,E®Vo,)^Q}<oo. 



Assume that H°{X,Ei 
evaluation map: 

(0.3) 



"Pxi) 7^ for distinct points xi,X2, ■ ■ ■ ,Xn G A. Our main idea is to consider the 



(t':®7^iVl(g>H"{X,E(g,V^ 



E. 



li n > r, then cj) is surjective in codimcnsion 1 and ker0 is stable (see [Y5, Lem. 2.1]). Then we see that 



(w(ker (j)) ) < —2, if n ^ r. On the other hand, {v{F) ) > for any stable sheaf F on A. Thus n is bounded 



above. Therefore (3.2) holds. Motivated by a recent work of Markman |Mr| and a work of Mukai | Mu5| , we 
shall also treat the composition of T-p and the "taking dual" functor. 

In order to treat the case where i{v) > 1, we need to consider Fourier-Mukai transform on elliptic abelian 
surfaces. Hence we also consider (relative) Fourier-Mukai transform on elliptic surfaces (Theorem 3.15| ). 

In section 4, we shall resume moduli spaces of stable sheaves on abelian surfaces. Since the canonical 
bundle oi Mh{v) is trivial, Mh{v) has a Bogomolov decomposition. We shall first construct a decomposition 
which will become a Bogomolov decomposition for Mh{v). In section 4.2, we discuss Fourier-Mukai functor 
on abelian surfaces again. In particular, we consider the r elati on o f Fo urier-Mukai functor and the albanese 
map of moduli spaces. In section 4.3, we prove Theorem |0.l| and |0.2| . We shall first treat rank 1 case. In 
this case, Kh{v) is the generalized Kummer variety Kn-i constructed by Beauville 0, where n = (u^)/2. 
Hence Theorem 0^ follows from Beauville's descri ption of H ^jK n^i, Q) and some computations. Higher 
rank cases follow from deformation arguments as in G-H |, ||0| , | Y3 and isomorphisms constructed in section 
3. 

As another application of Theorem |0.2| , we s hall construct a non-Kahler compact symplectic manifold 
which is an elementary transform of Kh{v) (cf. [Hu, 2.5]). In section 4.5, we shall treat the remaining case, 
i.e. {v^) = 4. In this case, we shall prove that Kh{v) is isomorphic to a moduli space of stable sheaves on 
the Kummer surface associated to A. 

Sections 5-8 are appendices. In section 5, we consider family of moduli spaces of stable sheaves induced 
by a family of abelian (or K3) surfaces, which is necessary for deformation arguments in section 4.3. Section 
6 is devoted to getting more examples of birational maps of moduli spaces. In section 7, we generalize results 
in section 3.1 to more general Fourier-Mukai functor ([BBHl], |Br2], [Mu7], |Mu8], |0r|). In particular, we 
can treat Fourier-Mukai functor on K3 surfaces. Under similar minimality conditions for ci{E) (cf. [|Y5|]), 



our method in section 3.1 also works for these cases (Theorem 7.6). As an interesting corollary of Theorem 
7.6 , we shall construct two different K3 surfaces X,Y such that Hilb^ = Hilb^ (see Example [7.2[ ). By a 
modification of the proof of Theorem 0.1, we can also consider deformation types of moduli spaces of sheaves 
on K3 surfaces. This is treated in section 8. 
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1. Preliminaries 

Notation. 

Let M be a complex manifold. For a cohomology class x G H*{M,Z), [x]i G iJ^*(X, Z) denotes the 2i-th 
component of x. For a projective manifold M, Amp(M) C iJ^(M, Q) is the ample cone of M. 

Let p : X ^ Spec(C) be an abelian surface or a K3 surface over C We denote the projection S x X ^ S 
by pg. In this paper, we identify a divisor class D with the associated line bundle Ox{D) in many cases. 

If NS(X) = Z, then for a coherent sheaf E on X, we set 

where H is the ample generator of NS(X). 

1.1. Mukai lattice. We shaU recall the Mukai lattice [Mu4]. 

Definition 1.1. We define a symmetric bilinear form on H'^'"{X,'Z) :— ©iiJ^*(X, Z): 

{x,y) :=- / (x^y) 
Jx 



(xiyi - xoy2 - x2yo) 

X 

where x — xo + xi + X2,Xi G i7^*(X, Z) (resp. y — yo + Vi + 2/2, J/i G iJ^*(X, Z)) and x^ — xq — xi + X2- We 
define weight 2 Hodge structure by 

'ho^-2(^H''v(^X,C))=H°^'^{X) 

(1.2) i ifi'i(7J"'(X,C)) = ifO'O(X) e H^'^X) e i/2,2(^) 

We call this lattice Mukai lattice. 
For a coherent sheaf _E on X, 

(1.3) v{E) ■.^ch{E)^/td^ ^ch{E){l + eu;) 

is the Mukai vector of E, where uj is the fundamental class of X and e = 0, 1 according as X is of type 
abelian or K3. Then Riemann-Roch theorem is written as follows: 

(1.4) xiE,F)^^{v{E),viF)), 

where E and F are coherent sheaves on X. 

For an abelian surface X, Mukai lattice has a decomposition 

(1.5) H''''{X, Z) = H^{X, Z) e H^{X, Z) iJ*(X, Z) = [/®^ 
where U is the hypabolic lattice. 

1.2. Moduli space of stable sheaves. Let X be an abelian or a K3 surface, and H an ample line bundle 
on X. For v G H'^'"{X,Z), let Mh{v) be the moduli space of (Gieseker) stable sheaves E of Mukai vector 
v{E) = V and M h{v) the Gieseker compactification of Mh(v) obtained by adding semi-stable sheaves. By 



Mukai |Mu3|, Mh{v) is smooth of dimension {v ) + 2 and has a symplectic structure. We choose an ample 



divisor H on X which does not lie on walls with respect to v {\Y2\). Then we have 

(t]) for every ^-semi-stable sheaf E of v{E) = v, ii F C E satisfies (ci(F), _ff)/rkF — {ci{E),H)/ ikE, 
then ci(F)/rkF = ci{E)/-i:kE, 

by the definition of walls. In particular, if v is primitive, then Mh{v) = Mh{v), and hence Mh{v) is 
compact. 
We set 

v^ :={xe H'''"{X,'L)\{v,x) =0}. 
Let 9y : v^ ^> H'^{Mh{v), Z) be Mukai homomorphism defined by 

(1.6) 6y{x) := — pMHiv)*{{ch£)\/tdxx'^) 

where £ is a quasi- universal family of similitude p. For a line bundle L on X, let Tl : H'^^{X, Z) -^ H'^'"{X, Z) 
be the homomorphism sending x to a;ch(L). Then T^ is an isometry of Mukai lattice. 

3 



Lemma 1.1. //rkw > and H is general, then Tj^ defines an isomorphism M}j{v) -^ Mh{Ti^{v)) sending 
E e Mu{v) to E ® L ^ Mjj{T]^(v)). Under this identification, 

(1.7) 0T.(.)(rL(x))=^„(x), 

for X E v^ . 

Proof. Let £' be a stable shea.i oiv{E) — v. Assume that E^L is not stable. Since the operation E i-^ E^L 
preserves /x-semi-stability, there is a subsheaf F C E such that 

(ci(f),g) _ {ci{E),H) 

(18) ^'^■^ ^^-^ ' 

y\F - rk£: 
Since H is general, ( |l.8| ) implies that ci{F)/ v'kF = ci{E)/ AE. A simple calculation shows that 

X{E<^L) x{F®L) _x{E) xJF) iciiE),L) {c^{F),L) 

(. q^ rkE rkF rkS rkF rk£: rkF 

^ ■ ^ _ X{E) xJF) 

rkE rkF' 



This means that E is not stable. Hence E(^L must be a stable sheaf. (L7) follows from direct computations. 

D 

Remark 1.1. If rkw = 0, then twisting by a line bundle L does not preserve the stability in general. 

1.3. Beauville's bilinear form. Let M be an irreducible symplectic manifold of dimension 2n. Beauville 
pi constructed a primitive symmetric bilinear form 

(1.10) Bm ■■ H^{M,Z) X H^{M,Z) -^ Z. 

Up to multiplication by positive constants, quix) '■= Bm{x,x) satisfies that 

n I ,„_i— n — 1 9 /^ X / ,,i^n-l / in — 1" 



(1.11) qM{x) = - r-'cb x' + il-n) 0'V X 0"-V ^, 

^ JM J M J M 

where is a holomorphic 2 form with Jj^^jip^cf) = 1. For A,x G i?^(M, C), the following relation holds 
Thm. 5]: 



(1.12) v{XfqM{x)=qM{X) 



(271 - l)v{X) I A2"-2^2 _ (2„ _ 2) / X'^^'-^x 



2n 



where v(X) = Jj^j X 

1.4. Stable sheaves of pure dimension 1. Let X be an arbitrary surface and H an effective divisor of 
{H^) > on X. Let i? be a purely 1-dimensional sheaf with Ci{E) — Ci{H) and x{F) = X- For an ample 
divisor L, x{E ® L®") = [H, L)n + x- Hence E is semi-stable with respect to L, if 

xiF) ^ X{E) 



{c,{F),L) - {c^{E),L) 

for any proper subsheaf F ^ oi E, and E is stable if the inequality is strict. We assume that x 7^ 0- Under 
this assumption, we shall generalize the concept of the chamber structure of polarizations. 

For a subsheaf F of E, we set ^ := x{F)ci{E) - x{E)ci{F). Since x{E) ^ 0, we get ^ 7^ if ci{F) ^ 
Q Ci{E). For such a ^ 7^ 0, we set W^ := {a; G Amp(X)|(a;,^) == 0}. Then 

(1.13) {e)^x{Ff{c^{Ef)-2x{E)x{F){c^{E),c^{F))+x{Enc,{Ff). 

If W^ is not empty, then the Hodge index theorem implies that (^^) < 0. We claim that the choice of ci(F) 
is finite and only depends on the pair {ci{H),x)- Then the choice of x{F) is finite, which shows that the 
number of non-empty walls Wj is finite. 

Proof of the claim: We fix an ample line bundle Lq on X. Let D be an effective divisor on X such that 
det(F) = Ox{D). We note that D satisfies the inequality < {D,Lo) < {ci{E),Lo)- For an integer d with 
< d < {ci{E),Lq), we set 

(1.14) Cd := {D\D is an effective divisor of {D, Lq) = d}. 

It is well known that Cd is bounded. Hence the choice of ci (F) is finite. Thus our claim holds. 
We shall call a connected component of Amp(X) \ U^W^ a chamber. 

Lemma 1.2. Assume that {ci(H), x) is primitive in NS(X) x Z and x 7^ 0. Then the moduli space of stable 
sheaves E o/(rk(_B),ci(_E),x(_B)) = (Q,ci{H),x) with respect to L is compact for a general ample divisor L. 



2. FOURIER-MUKAI FUNCTOR 

2.1. Notation. Let {{Xi, Hi), {X2, H2), V) be a triple of polarized K3 or abelian surfaces {Xi, Hi), {X2, H2) 
and a coherent sheaf T' on Xi x X2 such that 

(i) V is flat over Xi and X2, 

(ii) 

ExtXP|{,i}xx.,7'|{s,i}xxJ - 0, xi ^ yi for < z < 2. 
(iii) 

Honi(P|Xjx{rc2}5^|Xix{a:2}) == Ca;2, 

ExtXP|Xix{x2},^|Xixte}) - 0, 2:2 ^ y2 for < I < 2. 

We denote the projections Xi x X2 ^ X^, i = 1, 2 by px;- Let D(Xi) and D(X2) be the bounded derived 
category of coherent sheaves on Xi and X2 respectively. Then the functor T-p : D(Xi) -^ D(X2) defined by 

(2.3) Tv{x)^IipxA'P®P*x^i^)),xe-D{Xi) 

gives an equivalence of categories. !F-p is called Fourier-Mukai functor defined by P. We define J^-p : G{X2) -^ 
B{Xi) by 

(2.4) Tp{y) ^Kliomp,^{r,p*x,{y)),y er>{X2). 

Then T-p[2] is the inverse of T-p. For a coherent sheaf E on Xi (resp. a coherent sheaf F on X2), we set 

.F^(ii;) : = ff*(.Fp(i?)) =i?>x2*(^®PXi(^)), 
^^■^^ .^Pli^) : =i/^(^p(F)) =Ext;,^(7',p3.2(^))• 

Deflnition 2.1. E (resp. F) satisfies WIT, with respect to Tv (resp. Tv), if T^{E) = (resp. T^{F) = 0) 
for j 7^ i. 

Let J^^ : H*{Xi,Q) -^ H*{X2,Q) and .F^ : H*{X2,Q) ^ H*{Xi,Q) be homomorphisms such that 

(2.6) .F#(x) =px2* {ici^V)p*x,V^PhVid7,P*xA^)) ,xeH*{Xi,Q), 

(2.7) .?#(y) -Px,* {ichr)''p*x,Vi^.PhVtd7.P*xM) ,yeH*iX2,Q). 
By Grothendieck-Rieniann-Roch theorem, the following diagram is commutative. 

D(Xi) -^^^ D{X2) 

(2.8) A/tdI7ch ^/td^^ch 

F'="(Xi,Q) -^^ i7™(X2,Q) 

Lemma 2.1. for x G i7«^(Xi,Z), y e H'''"{X2,1^), we get {T^{x),y) = {x,T^{y)). 
Proof. 



{T^{x),y)=- / Px2*{{.c\yV)p*x^^/tA^yx2V^2P*x^{x))y'' 
Jx-i 



((ch7')p3f, Vtd^Px2 Vtd^Px, (2^)^x2 ivf) 

X1XX2 



(^•^) =-/ Px,(^)((ch7')>3f,v/^d^Px2ytd^Px2(y))' 



X1XX2 



x{px,* ((ch 7')>3f, Vtd^Px2 Vtd^Px2 (y))}' 
^1 



(:^,^#(y)). 



n 



Lemma 2.2. For x E H™{Xi,1j), Tp{x) belongs to H'^'"{X2,'Zi). In particular !F^ is an isometry of Mukai 
lattice. 



(2.10) 



Proof. By Q sect. 2], [T^{x)]i belongs to H^{X2,I.). By Lemma |1], we get 

(.F#(x),i)-(x,.F#(i))eZ, 

(^^(x),u;2> = (a;,^#(^2)>eZ. 

Hence J^^ (x) e i/™ (X2 , Z) . D 

We are also interested in the composition of T-p and the "taking-dual" functor I?X2 ■ D(X2) -^ 'D{X2) op 
sending x € D(X2) to R'Hom(x, Oxa); where T){X2)op is the opposite category of D{X2). By Grothendieck- 
Serre duality, Q-p :— {Vx2 ° •^•p)[2] is defined by 

(2.11) Qvix) :=RHomp^j7'®p3f^(a:),OxixxJ,a:GD(Xi). 
Let t/-p : D(X2) op ^ D(Xi) be the inverse of Q-p: 

(2.12) ^p(y):=RHomp,.^(7'®p;,,(2/),OxixxJ,2;GD(X2). 
For a coherent sheaf E on Xi (resp. a coherent sheaf F on X2), we set 

g^T,{E): = H\gp{E)), 
gip{F):^H\gr{F)). 
Then there are spectral sequences 



(2.13) 



(2.14) 



E^ = gUGv'iE)) 



E, p + q = 
0, otherwise, 



(2.15) 

In particular 

(2.16) 

Let ^l' :i?™(Xi,Z 



EP2''^gUSv'iF)) 



F, p + q = 
0, otherwise. 



\gUQUF))^o,p = i,2, 
\e?,(^^(^)) = o, p = 0,l. 

H'^^'{X2, Z) be the isomorphism of lattices defined by 
(2.17) e#(x) :=px.* (ch(P)M.^v/td^Px,v/td^Px,(^'')) ,a; G iJ™(Xi,Z). 

Since t/|f is the composition of T^ and the isometry Dx2 '■ H'^'" {X2 , Z) ^ H'^^ {X2 , Z) sending x to x^ , 



(2.18) 



C/:=<^SeMj,,(t-) 



Lemma 2.2 implies that t^^f is well-defined. 

2.2. Relation to Mukai homomorphism. Keep notations in 2.1. Let v S H'^'"{Xi,Z) be a primitive 
Mukai vector. For a fixed i, we set w = {—iyj-'^{v). We define an open subscheme of Mhi{v) by 

WlTj holds for E with respect to J^p ] 

and Tp{E) belongs to Mh^ {w) J ' 

The following lemma which follows from the proof of base change theorem was proved by Mukai |Mu5 , Thm. 
1.6]. 

Lemma 2.3. Let {£s\ses ^£ o, flat family of stable sheaves on Xi such that Eg G U . Then {!Fp{£ s)} ses is 
also a flat family of stable sheaves on X2. 

Then J-p induces a morphism f : U ~f M/f.-,(w). By properties of J-p, f is an open immersion. We 
assume that codimjv/^ (^,) [Mhi [v) \U)>2 and U -^ Mh^ (w) is birational. We denote the image of U by V . 
We set U = Xq and we denote projections [/ x Xi x X2 -^ Xj and U x Xi x X2 -^ Xj x Xk by qj and qjk 
respectively. We also denote the projection U x Xj ^ U hy Tj and the projection U x Xj ^ Xj by Sj. Let 
£ be a quasi-universal family of similitude p on U x Xi. By the identification U ^ V, i?* 902* (9*2^ "^i Q'oiiS') 
becomes a quasi- universal family of similitude p on y x X2 ■ The following proposition shows the importance 
of Mukai lattice. Indeed, it will play an important role to compute the period of Kh(v). 

Proposition 2.4. T^ induces an isometry v^ -^ w^ and the following diagram is commutative. 



i-i-V^v 



(2.19) 



.1 



H^MhAv),^) 



H\Mh.A'w)..-L) 



Proof. The first assertion follows from Lemma 2.1. For y G w , we see that 



pOw{y) 



(2.20) 









qo*(gr2(ch7')go*i(ch£)gi*(tdxJg2*(v/td^y'')) 



-1 



-1 



-1 



,1+1 



A+l 



,i+l 



ri* (901* («o*i (ch f )gr ( ytd^)9i*2 ( (ch ^)p3f , ( Vtd^)Px. ( v/td^Z/"" ) ))) 



ri,((ch£:)s*(Vld^)si(px,*((ch7')>3f^(Vtdi:)p3f,(Vtd^y))'')) 



r,.,{{ch£)sl{^/td^,)s\{T^{y)Y) 



%{{-iyT^{y)). 



Since T^ o T^ = 1h'^{XuZ), we get (|2.19D . 

For t/-p, we set 

WIT; holds for _E with respect to Q-p ~| 
and g]^iE) belongs to ^/^^(w'') J ' 

Then under similar assumptions on [/', we get the following. 

Proposition 2.5. Q^ induces an isometry v^ —^ (w^)^ and the following diagram is commutative. 



n 



(2.21) 



U' :={££ Mh{v) 



(-1) 



V\-L 



(2.22) 



H^{MhAv),^) 



{w^) 



H^{Mh,{w''),Z) 



3. Isomorphisms induced by Tv 

3.1. Original Fourier-Mukai functor. We start with original Fourier-Mukai functor. So we assume that 
X is an abelian surface. Let X be the dual of X and V the Poincare line bundle on X x X. We shall consider 
functors T-p and Q-p. In |Mu5, Prop. 1.17], Mukai proved the following. 

Lemma 3.1. By the canonical identification H''{X,Z) = Hi{X,'Z), 

(3.1) J'v{x^) = i~iy^'+'^/^PT){x,), X, e H\X, Z), 

where PD(a;i) is the Poincare dual of xi. 

We assume that NS(X) = ZiJ, where H is an ample generator. Then the dual of X also satisfies the 



same condition. We set H := det(— ^^^(-ff)). Then H is the ample generator of NS(X). By Lemma 3.1 

T^{r + dci{H 



(3.2) 



where a) is the fundamental class of X. 



aoj) 



dci{H) + rcD, 



3.1.1. The case where {v, 1) < 0. In this subsection, we treat the case where {v, 1) < 0. We first treat the 
functor Gv- 

Proposition 3.2. Let E be a fi-stable sheaf of Mukai vector v{E) = r + ci{H) + auj :— v. If a > 0, then E 
satisfies WIT2 with respect to Qp and Q^{E) is a 1.1-stable sheaf ofv{Q^{E)) = a + ci{H) + ruj. In particular, 
Qp induces an isomorphism Mh{v) — > M^{T^ {vY), ifr,a> 0. 

Proof. {1} E satisfies WIT2: Clearly E Kl Oj^ is flat over X. Hence we can use base change theorem to show 
Gp{E) = Gp{E) = 0. We first prove the following two claims: 

(i) Hom(£; (E) Vx.Ox) == for all xC^X. 

(ii) Ext^(_E ® Vx, Ox) — except for finitely many points x £ X. 
By the stability of E, we get claim (i). Suppose that Ext^iE,!^^) = F,xt'^{E (g) Px,Ox) ^ for distinct 
points X = xi, X2, . . . , Xn- By | Y5, Lem. 2.1], we get a /i-stable extension sheaf G: 

(3.3) ^ ®7=iVl -^G^E^O. 

Since v{G) = v{E) + n, we see that {v[GY) = {v[Ef) - 2na. Since dim Mh{v{G)) > 2, v{G) satisfies 
{v{GY) > 0. Hence n must satisfy the inequality n < {v{EY)/2a. In particular claim (ii) holds. 
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Applying base change theorem, we see that G^{E) = and Q^{E) is of dimension 0. This means that 
Gt>{E) satisfies IT2. In order to prove G^{E) = 0, it is sufficient to prove G^{G^{E)) — 0. Since Gj>{E) — 0, 
Gj,{Gj,{E)) = 0. By using the spectral sequence ( ^.I4| ), we conclude that CJ|,(t/ !,(£;)) — 0. 

(2) G't:>{E) is torsion freeQ Indeed, let T be the torsion submodule of t/|,(i<^). Since G^{E) is locally free in 
codimension 1, T is of dimension 0. Hence T satisfies IT2 and G^{T) is a locally free sheaf of deg(t/|,(T)) = 0. 
Since ^|,(T) is a quotient of E, GU^) must be 0. Hence T = g|,(^|,(T)) = 0. Thus GUE) is torsion free. 

(3) GpiE) is /i-stable: If G^{E) is not /i-stable, then there is an exact sequence 

(3.4) O^A^Gv{E)^B^O, 

where B{y^ 0) is a /i-stable sheaf of deg(i?) < 0. Then we get 

shiB) = el,{A). 

and an exact sequence 

(3.6) ^ Gv{A) ^ Gl{B) ^ E ^ Gl{A) ^ 0. 

li B y^ V^ for any x E X, then by using base change theorem again, we get G^{B) — 0. This implies that B 
satisfies WITi. By ( pJ6| ), G^{GpiB)) = G^Svi^)) = 0- Hence 5 = 0, which is a contradiction. li B ^ V^ 



for some xeX, then G^{B) = and G^{B) ^ C^. Hence G^{A) = and Gr{A) = G^B) ='C^,. So we get 



GviG'^iA)) ^ 0, which contradicts (2.15). Therefore G'^{E) is /z-stable. 



If r > 0, then 5p (w) satisfies the same condition as v. Taking into account of Lemma 2.3, we get an 



isomorphism Mh{v) -^ M^{G^{v)). D 



Remark 3.1. If r = and a > 0, then Gv induces an open immersion Mh{v) — > Mg{G^ (v)). In \Y3\, 
we proved that Mj^{Gp{v)) is irreducible (which will also follow from the proof of Theorem p. 21 ). Hence 
Mh{v) -^ M^{G^ (v)) is an isomorphism in this case too. 

By the proof of this proposition, E satisfies IT2 for t/p if a > {v^) /2. By Serre duality, E satisfies ITq for 
Tv Since T^{E) ^ G^{Ey , •^•p(^) is also /i-stable. Thus we get the following. 

Corollary 3.3. Let E be a ^-stable sheaf of Mukai vector v{E) = r+ci{H)+auj. We assume that a > (u^)/2. 
Then E satisfies ITq with respect to T-p and Ty,{E) is a fi-stable vector bundle of v[J-^{E)) — a — ci{H) + rLj. 

Since J^-p = Gv ° T^x ' ^^ ^^^"^ obtain the following. 

Corollary 3.4. Let E be a ^,- stable vector bundle of Mukai vector v{E) = r — Ci{H) + auj on X . We assume 
that a > 0. Then E satisfies WIT2 with respect to J-'-p and T^{E) is ji-stahle. 

Remark 3.2. We set v := r — ci{H) + olj. Then, 

codimj\/„(^){£' e Mj^{v)\E is not locally free} — r — 1. 
Indeed, let F be a locally free sheaf of rank r on X and Quot^ ;^ the quot-scheme parametrizing quotients 



F ^ A such that the Hilbert polynomial of A is constant n. By [^1, Thm. 0.4], we see that dimQuot^/jf = 
(r -I- l)n. For E G M^{v), E^^ is also /i-stable. We set £}" := y^F<^Mjj{v+nuj) Quot^/^^- Then 0" has a 
scheme structure and dimQ" = dimi\f^(v + ulj) + (r + l)n. Since we have a natural injective morphism 
U„>oiJ" -^ AI^{v) whose image consists of non- locally free sheaves, we get our claim. 

3.1.2. The case where {v, 1) > 0. As in the previous subsection, we assume that NS(A") = ZH. 

Proposition 3.5. Let E be a ^-stable sheaf of Mukai vector v{E) = r + ci{H) +auj. We assume that a < 0. 
Then E satisfies WITi with respect to Tp and J-^{E) is a /i-stable sheaf of v{J-y,{E)) = —a + ci{H) — ruj. 
In particular, Fourier-Mukai functor induces an isomorphism Mh{v) — > M^{—J-^{v)). 

Proof. (1) E satisfies WITi: We first show that H"{X, E ® Vx) — except for finitely many points x £ X. 
Suppose that ki :— h'^{X, E (g) Vxi) 7^ for distinct points xi,X2, ■ ■ ■ ,Xn- We shall consider the evaluation 
map 

(3.7) (j):®'l^^r^^(g)H°{X,E(g)Vx,)^E. 



^ This claim also follows from tlie proof of base change theorem. 
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We assume that J2^f^^ > f, that is, rk{®2=i'Pxi «> H°{X,E(g) V^^)) > Tk{E). By the proof of [Y5, Lem. 
2.1], (p is surjective in codimension 1 and keicj) is //-stable. We set b := dim(coker 0) . Then v{kei (j)) = 
LiLi f^i - ('"(^) - ^^)- Since Y.i ^i > ^^ we get 

(v(ker(/))2) = {v{Ef) + 2a^k, - 2h^ki + 2br 

(3.8) 

< {v{Ef)+2a'^h. 

i 

Since (w(ker(/))2) > 0, we get Y,i h < {v{Ef) /{-2a). Therefore H^{X,E®Vx) = except for finitely many 
points X € X. Base change theorem implies that !F^{E) is a torsion sheaf of dimension 0. Since i5 is a 
torsion free sheaf on the integral scheme Supp(i?), !Fj,{E) is torsion free. Hence we get !F^{E) = 0. By the 
stability of E and Serre duahty, H'^{X,E (^Vx) = Q for all x e ^. Hence J^'^{E) = 0. Therefore E satisfies 
WITi. 

(2) T^{E) is torsion free: Let T be the torsion subsheaf of !Fj,{E). By base change theorem, T^{E) is 
locally free on the open subscheme U :— {x £ X\H'^{X, E (g) Vx) 7^ 0}. Hence the proof of (1) implies that 
T is of dimension 0. Since E satisfies WITi and T satisfies ITq, T must be 0. 

(3) J^t:,{E) is /i-stable: Assume that J^T^iE) is not //-stable. Let C Fi C F2 C • ■ ■ C F^ = J^-p(F) be 
the Hardcr-Narasimhan filtration of T^{E). We shall choose the integer k which satisfies deg(Fi/Fi_i) > 
for i < k and deg{Fi/Fi^i) < for i > k. We shall prove that T^{Fk) = and T^{T}p{E) / Fk) = 0. Since 
deg(F,/Fi_i) > 0,i < fc, semi-stability of F,/Fi_i implies that T^{Fi/F,^i) ^0,i<k. Hence T^{Fk) = 0. 
On the other hand, we also see that J^j,{Fi/Fi-i),i > k, is of dimension 0. Since Fi/Fi^i is torsion free, 
T^{F,/Fi_i) = 0,i> k. Hence we conclude that T^{T^{E)/Fk) = 0. 

So Ffe and T^{E) j F^ satisfy WITi and we get an exact sequence 

(3.9) Q^T\,[Fk)^E^T\,{T\,{E)lFk)^^. 

Since deg(.F^(Ffe)) = deg(Ffe) > 0, /t-stability of E implies that deg(^.^(Ffc)) = 1 and rk(.F^(Ffe)) = rk(£;). 
Thus T\,(T\,(E) I Fk) is of dimension 0. Then T\,{T\,{E) j F]^ satisfies ITq, which is a contradiction. D 

3.2. Fourier- Mukai functor on elliptic surfaces. Let tt : X — + C be an elliptic surface with a 0-section 
a such that every fiber is integral. Let / be a fiber of tt. We identify a compactification of the relative 
Jacobian with tt : X — > C and let T' be a Poincare "line bundle" on X x^ X, We regard P as a coherent 
sheaf ovl X Y. X. Let -pi: X y. X ^ X, i ~\,2h& two projections. Then V is pi-flat and parametrizes "line 



bundles" on fibers of tt. We consider Fourier-Mukai functor T-p : D(X) -^ D(X) (see | Brl , 5]) defined by 

(3.10) Tv{x) :=Rp2*CP(»K(2;)),a;eD(X). 

We define Tv ■ D(X) -^ D(X) by 

(3.11) ^v{x) ■.= 'RIIomp,{V,p*2(x(g)Kx)),x eT>{X). 



Then Tv[2] is the inverse of Tv ( JBrll ). 

Chern classes: Let t be a section of tt. It is known that Ox{<^ — t) satisfies WITi and ^^{Oxicr — t)) is 
a line bundle on r. Replacing T' by T' ®P2N, N g Pic(C), we may assume that xi^vi'^x)) = 1- Then we 
see that 

(3.12) x{^v{Ox{^ - t))) = xi^viOx)) - (r - a, a) = 1 - (r - o,a). 

Indeed, let 77 be the generic point of C. Then we have that JFp(Ocr(o'))|7r-i(^) = C'|^-i(^) anc\T'p{Or{<y))\T:-^{,-i) = 
0|,-i(,)(r - a). Hence x{^v{0„{o))) - x{^v{Or{<y))) = ((r - a)^)/2. Since x{^v{Ox{<J - r)) = 
xiJ'viO^i'y))) - x{^v{Or{(r))) - xi^viOx)), we get (Q. 
We set 

(3.13) d(T) := (T-cr,cr). 

For a coherent sheaf E of (rk(£'), ci(F), - ch2(F)) = (r, cr - t + (/ + d{T))f, n), 

(3.14) {TkiTAE)),ci{Tv{E)), x{^v{E))) - -(0, r - a + ra + (n - ^(t))/, r + I). 

Proof. For Iz{(t - t + [l + d{T))f), Z = {xi, ..., x„^d{T)}, Iz{cr - t + [l + d{T))f) satisfies WITi and there 
is an exact sequence 

(3.15) ^ ®r=i''^"V,, ^ ^p(/z(a -T + {1 + d{T)),f)) ^ TUOx{<t -T + {1 + d{T))f)) -> 0. 

Since T^{Ox{(t - t + {I + d(r)))/)) = T^{Ox{(J - t)){{1 + d(r))/), we get our claim for r = 1 case. For 
general cases, we use E = Iz{a - t + {I + d{T))f) © O'^'^^^K D 

9 



The following is an easy consequence of the proof of base change theorem. 

Lemma 3.6. Let L be a coherent sheaf of pure dimension 1 on X with ci(L) — t — a + ra + {n — d{T))f. 
Then L satisfies WITi and J-'j,{L) is torsion free, if the following two conditions are satisfied: 

(1) }ioTa{Vx, L) = 0, a; e X except finite subset S of X . 

(2) Ext^{Vx,L) ^ llom{L,Vxy = for all xeX. 

Proof. We choose a locally free resolution 

(3.16) O-^Fs ^ Vi ^Vo^^^O 

of T' such that Ext^^ {Vi,P2L) = 0, j > 1. Then RHonip^ {V,P2L) is quasi-isomorphic to the complex 

(3.17) ^ Homp^^ iVo,p*2L) ^ Hom^^^ (Vi.p^L) H Hom^, (^2,^^^) ^ 0. 

By our assumption, there is a finite subset S oi X such that {(l)!)^ is injective for x £ X \ S and {4'2)x is 
surjective for all a; G X. Hence we get 

(1) Homp,(7',p^L) = ker0i = 0, 

(2) Ext^^(P,p5L) = coker02 = 0, 

(3) ker (j)2 is a vector bundle and 

(4) there is an exact sequence 

(3.18) ^ Honv(yo,p;i) ^ ker 02 ^ Ext^^ (7',^;^) ^ 0. 

Hence Ext^^ {V,P2L) is a vector bundle on X \ 5". By (4), Ext^^ {V,P2L) is torsion free. D 

Lemma 3.7. For a purely 1- dimension sheaf L with ci{L) = t — a + ra + (n — d^r)) f , Hom^j (7^,P2-^) = 0. 



Proof. By the proof of Lemma |3.6| , it is sufficient to prove that Hom(7'j;,L) = for some point x £ X. 
We choose a point x (z X which is not contained in Supp(L). Since L is of pure dimension 1, we get 
Hom(P^,L) = 0. D 

Proposition 3.8. Let L be a coherent sheaf of pure dimension 1 on X with Ci{L) = t — a + ra + [n — d{T))f 
and x{L) > 0. If L is semi-stable with respect to a + kf, k 3> 0, then L satisfies the above two conditions. 

Proof. By taking account of a Jordan-Holder filtration, we may assume that L is stable. We note that 

f3iql ufP - ^^^^ - ^^^^ 

^ ' ^^ ' ■" (ci(i),a + fc/) " {k+{a^))r + n 

Since iJ,{Vx) = 0, a; e X, obviously (2) holds. So we shall prove (1). Let D = D^r+Dhoi be the decomposition 
of the scheme-theoretic support of L, where D^r consists of all fiber components and Dhoi consists of the 
other components. Then we have an exact sequence 

(3.20) Q^F^L^{L\D,JIT^Q, 

where T is the 0-dimensional submodule of ip^^,. Then i^ is a purely 1-dimensional subsheaf of L with 
ci(F) = If . By the stability of L, we get 

(3.21) ^,{F) = ^ < ^(^) 



I ~ {k+ (cr^))r + n' 

Since k is sufficiently large (the condition k > max{ ( (ci (L), cr -I- kof)x{L) — n)/r — {a^),ko} is sufficient, 
where /cq satisfies that a + kof is ample), we get x(F) < 0. Since llom{Vx, L^^^^JT) — for all a; G X, we 
shall prove that Y{oTa{Vx^ F) — Q except finite numbers of points. 
Proof of the claim: Let 

(3.22) C Fi C F2 C • • • C i^. = F 

be the Harder-Narasimhan filtration of F with respect to cr + kf. Then 

(3.23) ^l{F,) > ^^{F2/F,) >■■■> ^i{FjFs-i). 

Since Fi is a subsheaf of i, we also have the inequality x{Pi) 1^ 0. If Hom(7'a;, Fi) 7^ 0, then /i(-F'i) — and 
Fi is ^-equivalent toVx®E for some E. Hence the choice of x is finite. Clearly Hom(7'a;, Fi/Fi^i) = for 
i > 2. Hence the claim holds. D 

Remark 3.3. Stability is not preserved by the operation L 1-^ L (E) N, N £ Pic(X). Hence the condition 
x{L) > is important. 
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Lemma 3.9. Let E be a torsion free sheaf o/rk(_B) = r > and ci(E) — a ~ t + (I + d(T))f on X . Assume 
that E is semi-stable with respect to a + kf, fc ^ 0. Then E satisfies WITi and J-^{E) is of pure dimension 
1. 

Proof. We shall first prove that V ®p\{E) is p2-flat. Let 

(3.24) 0-^VKi-^W^o^'P^O 

be a locally free resolution oiV ox\ X y. X. It is sufficient to prove that 

(3.25) ^x:{Wx)\,y,x®E^{W^)\,y,x®E 

is injective for all x € X. We note that rk Wi — rk Wq and Vx®E\sa. torsion sheaf on X . Since E is torsion 
free, ipx is injective for all x € X. Thus V ® p\{E) is a p2-flat sheaf. 

Hence we can use base change theorem. Since p2 : X xc X -^ X is relative dimension 1, R^p2*{V ® 
p\{E)) = 0. Since i!^|^-i(j^) is semi-stable for general y (^ C, H^{X,Vx (8) -E) = for a general point x of X. 
Thus P2*(V ® p\{E)) is a torsion sheaf. By the proof of base change theorem, locally there is a complex of 

locally free sheaves Vi -^ Vb whichisquasi-isomorphictoRp2*(7^'8'Pi(£'))- Hence p2*('P®Pi(£')) = ken/) = 0, 
which means that _E satisfies WITi. Also we get proj— dim(coker(/)) = 1. Hence R^ p2*{V ® p\{E)) is of pure 
dimension 1. D 

Corollary 3.10. Let E be a torsion free sheaf on X and assume that E\^-i{^y) is a semi-stable vector bundle 
of degree for a general y E C . Then E satisfies WITi and J-^{E) is of pure dimension 1. 

Proof. We consider the Hardcr-Narasimhan filtration of E with respect to cr + fc/, fc ^ 0. Applying T-p to 



this filtration, we get our corollary by Lemma 3.9. D 



Lemma 3.11. Keep the notation as above and assume that E is semi-stable with respect to a -\- kf , fc ^ 0. 
If r -\- 1 > 0, then T^{E) is semi-stable. 

Proof. Assume that !F^{E) is not semi-stable. Then, there is a stable subsheaf F of !F^{E) such that 
pi{F) > ^i{Tl,{E)) = {r + l)/{{k + {a'^))r + n) > and G := T^{E)/F is of pure dimension 1. Applying Tv 
to the exact sequence 

(3.26) 0->i^^J^^(S)->G^O, 
we get an exact sequence 

> T^{F) > > T°,{G) 

(3.27) > P^{F) > E > Tl,{G) 

> T^iF) > > ^viG) * 0. 

By Lemma U, ^^{G) = 0. Since /i(F) > 0, we also get T'^{F) = 0. Thus F and G satisfies WITi 
and T],{F) is a subsheaf of E. We set ci(F) ^ t' - a + r'a + (n' - d(r'))/ and x{F) = r' + I'. Then 
(rk(.f'^(i^)),ci(.f^(F)),-ch2(.f^(F))) = (r',cr-r' + (r + d(T'))/,n'). Since £; is semi-stable with respect 
to cr + /c/. A: > 0, 

(•) (i) I'/r' < l/r, or 

(ii) I' /r' = l/r and —n'/r' < —n/r. 

On the other hand, 

^,{T^iE))-^,iF) " + ^ "' + ^' 

(3-28) ,,__, „__,„_ , , , 



(fc + (o-2))r + n (k + {a^))r' -\- n' 

{Ir' - l'r){k + (a2)) + (r + l)n' - (r' + l')n 



{{k + {cT'^))r + n){{k + (fT2))r' + n') 



We note that the choice of r' is finite. In Lemma 3.12|, we shall show that the choice of n' is also finite. Since 



n > (see Lemma 3.13), there is an integer N{r, t, I, n) such that for k > N{r, t, /, n), 
(i) Ir' -l'r>0 implies {Ir' - Vr){k + (ct^)) + (r + l)n! - (r' + V)n > and 
(ii) Ir' -I'r <0 implies {Ir' - l'r){k + (a^)) + {r + l)n' - (r' + l')n < 0. 
Then (*) implies that fj,{!F^{E)) — fi{F) > 0, which is a contradiction. Therefore T^{E) is a semi-stable 
sheaf. n 

Lemma 3.12. Keep the notations as above. Then the choice of n' is finite and the number of such n' is 
bounded in terms of (r, r, l^ n). 
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Proof. We fix an ample divisor a + k^f. Since i^ is a subsheaf of T^{E), 

(3.29) < (ci(F), (7 + kof) < {ci{T^{E)), o + fco/). 

Since (ci(i^), a + /cq/) = (fco + (o'^))r' + n' and r' < r, we get our claim. D 

Lemma 3.13. Kee'p the notations as above. Then n > 0. 
Proof. By Bogomolov's inequality, 

(3.30) < c,{E) - t^^c.iEf) = n + «^^. 

2r 2r 

Since (ct^) < 0, ^(t) = (r, cr) - (cr^) > 0. Therefore n > -((ct - r)2)/2r = d(r)/r > 0. D 

Lemma 3.14. Let L be a purely 1-dimensional sheaf of ci(L) =t — a + ra + {n — d{T))f and x{L) > 0. 
Assume that L is semi-stable with respect to a + kf, k^ 0. Then J^j,{L) is a semi-stable sheaf with respect 
to a + kf, fc > 0. 



Proof. We note that Lemma 3.6 and Proposition 3.8 imply that L satisfies WITi and Tj,{L) is torsion free. 
Assume that Tp{L) is not semi-stable with respect to tr + fc/, fc ^ 0. Then there is a destabilizing subsheaf 
F of J^^{L) such that G := T^{L)/F is torsion free. It is easy to see that J^p(L)|7r-i(y) is semi-stable for 
general y & C. Since k is sufficient ly lar ge, i^|„-i(j,) and G\^-i(^y^ are semi-stable vector bundles of degree 
for general y £ C. Then Corollary 3.10| implies that F and G satisfies WITi and we get an exact sequence 

(3.31) ^ T^{F) -^ L -^ T^{G) -^ 0. 



In the same way as in Lemma 3.11 , we get a contradiction. Thus !F^{L) is semi-stable. D 

Therefore, we get the following theorem. 

Theorem 3.15. Let A^(r,ci,x)^* be the moduli stack of semi-stable sheaves E of (rk{E) , ci{E) , x{E)) = 
(r, ci, x) with respect to a -\- kf , /c 3> 0. Then T-p gives an isomorphism of moduli stack 

(3.32) M(r, (j-T+[l + d{T))f, rx{Ox) - «)"" ^ M{0, t - a + rcr + {n ^ d{T))f, r + If-' 
ifr + l>Q. 

Remark 3.4. If gcd(r, /, n) = 1, then 7W(r, a — t + [I + d{T))f, rx{Ox) — «)''* consists of stable sheaves. 

Remark 3.5. The map I?' : L i-^ £xt^ {L,Kx) gives an isomorphism Al(0,T — cr + r(T+(n — d(r))/,r+Z)'**' -^ 
Ai{0,T — (J -{- ra -\- {n — d{T))f, — (r + l)Y'' . If r + ^ < 0, then Q-p induces an isomorphism 

(3.33) M{r, C7-T+ {-{I + 2r) + d(r))/, rx(Ox) - nf' -^ M{0, t - a + ra + {n ^ d{T))f, r + ly' 



Remark 3.6. Independently, Jardim and Maciocia | J-M ] treated the case where r -\- I = 0. Hernandez 
Ruiperez and Mufioz Porras | H-M | studied stable sheaves on elliptic fibrations and got similar results. 

4. Moduli spaces of stable sheaves on abelian surfaces 

4.1. Bogomolov decomposition. In this section, we assume that X is an abelian surface. Let X be 
the dual abelian surface of X and V the Poincare line bundle oiy X x X. Let f be a Mukai vector with 
ci{v) £ NS{X) and i; > 0. Fix an element Eq G M h{v) and let a : Mh{v) -^ X he the morphism such that 

(4.1) a{E) := detp^.HE - Eo) ® {V - O^^^)) £ Pic°(X) = X, 

and det : M h{v) -^ X the morphism sending E t o d et E (g) detE^ £ X. We set ay :— a x det. Under the 
assumption i{v) — 1, the following was proved in |Y3, Thm. 3.1, 3.6]. 

Theorem 4.1. Let v £ H'^'"{X,Z) be a primitive Mukai vector such that w > and ci{v) £ NS{X). We 
assume that dim A///(u) = (v'^) -I- 2 > 6. Then for an ample line bundle H such that Mh{v) = Mh{v), the 
following holds. 

(1) Oy is infective. 

(2) a„ is the albanese map. 
(3) 

(4.2) H\Mh{v),Z) = e^iv^) ® alH^iX x X,Z). 
The proof will be done in section 4.3. 

Definition 4.1. We set Kh{v) := a-i((0,0)). 
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We shall construct an etale covering such that a„ becomes trivial. By Theorem I0.4 it will become a 
Bogomolov decomposition of Mh{v). 

Let J^-p : D(X) ^ D(X) be the Fourier- Mukai functor defined by V. Then 

(4.3) a{E) = detTv{E) ® {detTv{Eo)y. 

For a line bundle L on X, we set L :— det(jFp(L)). Then the following relations hold. 

Lemma 4.2. 

(pLO(l>i = ~x{L)lx- 



Proof. For (x,x) G X x X, the following diagram is commutative (|Mu2, (3.1)]). 

D(X) — ^ B{X) -5^ T>{X) 



(4.5) ^^1 



j'^-p .7^73 



T? 



D(X) ^^^^-^ D(X) :— > D(X) 

Hence we see that JPp(i)®'Pa; = Tv{Tl^L) = Tv{L®V^^(-,j,)) = T*^^_^~^{Tv{L)). Since rk(J^p(£;)) = x(^), 

by taking determinant of J-v{L) ®Vx^ we get that L ® 'P^(^l)x = ^Ij,(-a;)(-'^) ~ L (^ '^0£o0i,(-x)- Therefore 

the first equality holds. Applying (E^) again, we get that i-p(Z) ^Vx = ^*rf, (a)-^p(-^)- Hence we obtain 

that xCl) = -0dct^p(L) °<^L- Since ci(.fp(i)) = ci(L) and x(^) = (ci(i)2)/2 - (ci(L)2)/2 = x(i), we get 
the second equality. D 

We define a morphism ^ : Kh{v) x X x X -* Mh{v) by <^{E, x, y) := r;(£') (g) P^. 

Lemma 4.3. Let w = r + ci + aw, ci e NS(X) 6e a Mukai vector and L a line bundle on X such that 
ci(L) = ci. Then, 

^ ■ ' det{T*{E) ® Vy) - 0l(x) + ry, 

for a coherent sheaf E of v{E) — v. 



Proof We shall only prove the first equality. Applying (^, we see that Tv{T*{E)®Vy) = T*{Tv{T*{E))) = 
T*{Tv{E) ® V-x) = T*{T-p{E)) ® V-x- Hence we obtain 

(4.7) det{TviT:iE) (g> Vy)) = T;{dctTv{E)) (g> V-^,^e)x- 
Since ci{Tv{E)) ^ ci(J^p(L)), 

(4.8) aiT^iE) Vy) = (t>d.tr^[E){v) - x{E)x = (fdv) " x{E)x. 

By (|l.4|), x(-£') = ^(^(Cx ),«(£')) = a, and hence we get the first equality. D 

Let V = r + ci+ aui, c\ G NS{X) be a Mukai vector and r lATxAT^A'xA'a homomorphism sending 



(x, y) to {rx — (piiy), ~4)l{x) — ay). By Lemma |4.2| and L3 



(4.9) a„ o $ o {\kh{v) X t){E, X, y) = {nx, ny), 

where n = (i;^)/2. Let v : X y. X ^ X x X he the n times map and we shall consider the fiber product 

Mh{v) x^^^ XxX > Mh{v) 

(4.10) I |„„ 

XxX — "^-^ XxX 

Then $ o (l^^^j-^) x r) and the projection Kh{v) xXxX^XxX defines a morphism 

(4.11) Kh{v)xXxX ^MHiv)x^^^XxX. 

We can easily show that this morphism is injective, and hence it is an isomorphism. 



Remark 4.1. If {cf)/2 and r are relatively prime, then |Y3, Prop. 4.1] implies that Mh{v) ^ AT x det^^(O). 
We shall consider the pull-back of a^ : Mh{v) ^ AT x X by the morphism sending {x,y) to {nx,y). Then 
we get Mh{v) >^xxx AT x X = Kh{v) x X x X. 
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Definition 4.2. For simplicity, we also denote the homomorphism v^ 



H^{Mh{v),Z) ^ H^Kh{v),Z) 



(4.12) 



e^ix) = [pKh{v)* {cH^\Kh{v)xx)x'')]^ 



Proposition 4.4. Let v be a Mukai vector of ci{v) £ NS(X) and v > 0. Then dimimat, > 2 and a^ is 
surjectice if (v"^) > 0. 



Proof. The first claim follows fi'om Lemma Li and the second claim follows from (O). D 

4.2. Fourier- Mukai functor on abelian surfaces. In this subsection, we consider the relation of Fourier- 
Mnkai functor on abelian surfaces to the map a^ : Mh{v) -^ X y. X (Proposition 4.9). For this purpose, we 



recall some results of Mukai [ Mu7 



Let _E be a semi- homogeneous sheaf on X. We set 

(4.13) K{E) := {x E X\T*{E) - E}. 

Let L be a line bundle on X. Since TvxiT*iE (g> L)) = Tv^iE (X" -L) (g) ('^x))'. , ^, K(E (g> L) is a finite 

set for a sufficiently ample line bundle L, where Vx is the Poincare line bundle on X x X. Replacing E by 
E ® L, we assume that K{E) is a finite set. Assume that E is simple. Let Y be the moduli space of simple 
semi-homogeneous sheaves F such that ch(_F) = ch(£^). Then we have a morphism (J>e ■ X ^ Y sending 
a; € X to T*{E) S Y and we get an isomorphism X/K{E) = Y. By this identification, the translation 



T, 



4>E{a) 



Y 



Y.aeXis given by the morphism F t-^ T*{F), F eY. 
We assume that there is a universal family EonYxX. Let H be an ample line bundle on Y. 

Lemma 4.5. £\Yy.{x} is a stable sheaf on Y with respect to H. 

Proof. Let m : X x X ^ X he the multiplication map. By the universal property of Y, there is a line 
bundle L on X such that m*{E) ^ (0^ x idx)*£ ® p*L , whe re pi : X x X -^ X \s the first projection. 
Hence T*(E) = (t>*E{£\Yx{x}) ® L. Since T*{E) is simple, JMull , Prop. 6.16] implies that T*{E) is stable for 
all ample line bundles on X (if dimE = 1, then E is & stable vector bundle on an abelian subvariety of X). 
Since (pE is finite, 0^i? is also ample. Hence <t'*E{£\Y x {x}) is also stable with respect to (I)*eH, which implies 
that £\Yy..{x} is stable with respect to H. D 

Then it is not difficult to see that £ ind uces an isomorphism X -^ Mh{w), w := v{£\yx{x}) and an 
equivalence of derived categories (cf. | Mu8 , Thm. 2.2]). 

Corollary 4.6 (Mukai [Mu7]). £ defines Fourier-Mukai transform Ts : D(X) -^ D(^)- 

Let px :Y X X ^ X (resp. py : Y x X ^ Y) he the projection. We denote the Poincare line bundle on 
r X y by "Py. hct \: X X X ^Y he the morphism sending {x,x) £ X x X to T*E (g) {Vx)x e Y. Then 
the translation Tx[a,b) : Y ^ Y, {a,b) E X x X is given by the morphism sending F E Y to T*F ® {'Px)b- 
There is a homomorphism fi : X x X ^ Y such that 

{idy X T,)*£ ® {Vx)x = {Tmx,x) X idx)*£ ® (Py);.(.,£), (x,x) eXxX. 

So we get a homomorphism \x^: XxX^tYxY. In the same way, we have a homomorphism 
W X ^i' -.Y xY ^ X X X such that 

{Ty X idxy£®{Vy)y ^ {idy X Tyiy^y)y£ ® {V x) ^' {y ,y) , {v : v) EY xY. 



Hence we see that (A' x //') o (A x /i) 



id 



XxX 



and (A X /i) o (A' x ^') 



id 



YxV 



\Y X {a+\' o{\x ii){x,x)} ■ 



Indeed, by restricting 
Since Mniw) = X, 



{idy X T^)*£ (g) {Vx)x to y X {a}, we get that £\Yy,{a+x} 

x — \' o[Xx ^){x,x). Since px*{£nd{{idY x Tx)*£)) = Ox, we also get that ^'o(A x y){x,x) — x. Therefore 

we have the relation (A' x /i') o (A x /i) = id^^^. The other relation also follows from similar arguments. 

Therefore Ax/i:XxX^yxyisan isomorphism. 



Lemma 4.7 (Mukai |Mu7|). For a coherent sheaf G on X, 



(4.14) 
Proof. 



(4.15) 



TeiT^G ® {Vx)x) - n^-x,x)^£{G) ® {Vy)^(-x,x), (x,x) eXxX. 



TsiT^G^iVxh 



= RpY,{£®p*x{T:G®{rx)x)) 

= RpY.iTlo^_,^£®p*:^{Vxh®P*xG) 

= Rpr*(T(*;,(_^^£)_o)£ (g) (7'y)^(_^,£) g)p3fG) 

= T^-x,x)^PY*i£ (^ P*xG) (g (Py)^(-..,i) 
= n^-x,x)MG)®{VY)^i^x,x)- 
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□ 

Remark 4.2. Corollary 4.6 and Lemma 4.7 also hold for any abelian variety. 



Let K{X) be the Grothendieck K-gioup of X. We set 

(4.16) K{X)o := {a e K{X)\ ch(a) = in H*{X,Z) }. 

For a E K{X), we define a map Oq, : K{X)o + a ^ X x X hy 

(4.17) a„(7) = (det(.Fp^ (7 - a)), det(7 - a)), 7 G if (X)o + a. 

We define a homomorphism ip: XxX^YxY by (p{x,x) = a.p{T£{Ix ® {Vx)x)), {x^x) E X x X, where 
(3 = J^£{Iq) and /j; is the ideal sheaf oi x E X. 

Lemma 4.8. </? is an isomorphism. 

Proof. Since 4 ® {Vx)x = Tl^ih) ® {Vx)x, e X, Lemma |4]^ imlies that ^£{1^ (g) {Vx)x) = T*^a:^i){J) ® 



(7^y)^(2,£), where J = J^silo)- Since (v(J)^) = 2, the homomorphism y x y ^ y x y sending (y,y) to 
a{T*{J) (X) (7^y)y) is an isomorphism (see sect. 4.1), and hence we get our claim. D 

K{X)o is generated by {Vx)x — Ox, x E X and Cx — Co, x E X. Since 

4 ® (^x)x - io = (4 ® {Vx)x - (Vx)x) + {Vxh - /o 

(4.18) ^-C, + {{rx)x-Ox) + {Ox-Io) 

= Co-C, + {{rx)x-Ox), 

K{X)o is generated by Ix (J^x)x — lo, i^: x) E X x X . Hence we get the following commutative diagram: 

K{X)o — ^^ K{Y)o 

(4.19) «° I''" 

X X X > Y xY 

where a = Iq and /3 = J^g (a) . Therefore we get our main assertion of this subsection. 

Proposition 4.9. Assume that Tg induces an isomorphism of moduli spaces Mh{v) — s- Mh'{w), where 
w = {—iyTg{v). Then we get the following commutative diagram: 

Mh{v) ^^ > Mh'{w) 
(4.20) 



X X X > Y xY 

In particular, Uy is an albanese map if and only if a^ is an alhanese map. 



4.3. Proof of Theorem D.l^ and 0.2 



4.3.1. Generalized Kummer variety. In this subsection, we shall recall Beauville's results [0 on generalized 
Kummer varieties. Then Theorem p.2| for r = 1 follows from his results and simple calculations. Let X be 
an abelian surface. Let X" be the n-th product of X and pi : X" — > X the projection to i-th component. 
Let TT : X" -^ X*^"^ be the quotient map to the n-th symmetric product of X. We set X^"' := Hilb^. 
Let 7 : X["l -^ X^") be the Hilbert-Chow morphism. Let a : X*^"^ ^ X be the morphism sending 
(xi, 2:2, . . . , x„) e X(") to X;r=i ^^ G X. Then a : XN -^ X(") ^ X is the albanese map of X^. If n = 2, 
then a~"'^(0) is the Kummer surface associated to X and if n > 3, then Kn-i := ci~^(0) is the generalized 
Kummer variety constructed by Beauville [H. Kn-i is an irreducible symplectic manifold of dimension 
2(n- 1). 

We assume that n > 3 and describe i^n-i up to codimension 2 subscheme. For integers i,j,k, we 
set A^^3 .= {{xi,X2,...,Xn) e X"|a;i = Xj}, A^'3,k _ ^i,j p ^j,fc^ ^g gg^ j^^n .^ ^« \ U,<J<feA*J'^ 

Xfi := XN \ U,<j<fc7-i(^(A'^^''=)). We set 

(4.21) X := {(xi, ^2, . . . ,x„)|a;i + 2:2 + ■ ■ • + a;„ = 0}, 

X, := Xn X,", (A'„_i)* := Kn-i n Xl"i, (5*^^ := A*'^' n X. Since n > 3, S'^^ is connected, indeed, it 
is isomorphic to X""^ Lg^ p . Ba{X^) -> X^ be the blow-up of X^ along A := UkjA*'-'' and set 
^^(X*) = (3-\N^). Let E^^i := /3-HA''^') be the exceptional divisor of /3 and e*-^ := /3-i(A*'J n X). Let 

15 



r* C B^{X^) X X be the graph of the i-th projection B^{X^) —> X" —> X. Then there is a family of ideal 
sheaves X of colength n which fits in an exact sequence 



(4.22) 







O 



B&(X^)xX 



and X induces a morphism tt' : B^iX"^) — > X, 

Bs{N,) 



(4.23) 



(K^- 



hOr. 



Ba{X:) 



5i<jCr»n£;'.3 



X^ 



0, 



x(«) 



X 



Since Kx — Ox, by using Grothendieck-Riemann-Roch theorem for the embedding UiF' ^^ Ba{X!^) x X, 
we see that 



(4.24) 



ch(X) = 1 - XI ^' + H ^''^^' 



i<j 



where, by Poincare duality, we identifies H*{B/^{X^), Q) with Borel-Moore homology group H^{B/^{X'^), Q) 
(cf. @). We set V := l-ncu. Then Mh{v) is naturally identified with X^ xX and ax 1^ : XW xX ^ XxX 
is identified with the map a„ introduced in section 4.1. Hence Kh{v) is identified with Kn-i- We shall 
consider the homomorphism 0^ : v^ ^ H^{Kn-i; Z). Since w = 1 — nw, we get that 



(4.25) 



v^ = H^{X,Z)®Z{l + nuj). 



For a = X + fc(l + nu!),x E H^{X, Z), simple calculations show that 



(4.26) 



(TT'TOvia) 



Ep:(^ 



5(W.) 



fee 



=»j 



(4.27) 



where e := ^ .<^. , 

Lemma 4.10. 9u is an isomorphism. In particular, we get identifications 

= H^{X,Z)(BZe. 

Proof. By g Prop. 8], H^{Kn-i,Q) = H^iX,Q)®Qe. Since 

(4.28) if : H^{X,Z) h H^{Kn-i,Z) -^ H^{Bs{N,),Z) 

is injective and imip C P* {H'^ {N , Z)) , we shah prove that the image of / : H^{X,Z) -^ H'^{N,Z)'^^ is a 
primitive submodule of iJ ^ {N, Z) . Let (f) : X x X ^r N he the morphism such that 



(4.29) 



4>{{x, y)) ^{x,y,0,..., 0, -x - y) e N. 



We shall consider the composition g 



< f : H'^iX, Z) -^ H'^{Xx X, Z). Let Ui Auj^i <j be the basis of 



H^{X,Z) = K^H^iX^Z). Then we see that 

(4.30) g*{cti A Uj) ~ 2pl{ai A Uj) + 2p2{ai A aj) + (piai /\p2Q-j — p\aj /\p2ai). 

Hence imt/ is a primitive subgroup of H^(X x X,Z). Therefore im/ is primitive. 



□ 



Let i : H'^(X,Z) -^ H'^{X^''\Z) be the homomorphism such that Ti*{i{x)) = Y.iPt^ ^ H'^{X'\Z). For 
X € H'^{X,Z), we get 



(4.31) 

Thus 
(4.32) 



i 

= -{Tl*i{x))\B,(N.) 

= -wr{^*i{x)\K^_,),. 



Ux) ^ --f*iL{x))\K,,_„x e H^iX,Z). 
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We shall next prove that 9y preserves the bilinear forms. Since (a^) — (x^) — fc^(2ri) for a — a; + fc(l + nti;), 
it is sufficient to prove 

(4.33) QK„_i(e.(a)) = [x") - e{2n). 



We shall choose / e H'^{X,Z) with (P) ^ 0. Let Bs{N^) be a smooth compactification of Bs{N^.) such that 
there are extensions /3 : Bs{N^,) -^ N and tt" : Bs{N^,) -^ Kn-i of /3 and it" respectively. 

(1) We shall first consider the relation between qK^_i{Ov{x)),x G H^{X,Z) and qK„_i{dv{l))- We set 
p := ai A a2 A as A a4, where a^, 1 < « < 4 are basis of H^{X, Z). Let 

(4.34) ,7 : ®r=ip:^* (^, z) ^ ®r=ip.r^"' (^, ^) 

be the projection. We shall first compute //((cr o 7r)*(p)). By direct computations, we see that 

?7((cro7r)*(p)) ==r/( Y^ p*ai/\p*a2Apla3/\p*^a4) 

(4.35) 

= 2jPi*("i A a2 A as A a4) + 2jPz*(cn /^ "2) Ap*(a3 A 04). 

Since ??(E»<i(^''^ - P*/0 -P>)) = E,;/iP*(ai ^ "2) Ap*(a3 A 04), 

(4.36) 77((^°^)*(p)) =Ep*^ + ''(E(^''-'' -P*'"-^^))- 

We set fi := Y.,P*P + E»<j(^''^ - P*P - P]P)- Then we see that 

{e,{i)f^-\e,{x)f = 1 i {l^*e,{i)f^-\l^*e,{x)f 



= -J iPll + ■ ■ ■+P*jr'-Hplx + ■ ■ ■+p:xf 
n\ Jn 

= ^ / (Pll + ■ ■ ■+Pllf''-\p\x + . . ■+plxf^l 



^^^ / {2pll+pll + ---+p^_{)^''-\2p\x+plx + ---+p^^,f 
-n(n-2) / {pll+pll + ---^pl_^lf^-\plx+plx + ---+pl_,xf 
('^-2)'^'^ ^ ,(^^)"-(.^) + ^^^(^^)"-(^x)^ 



n!2"-i V2n-3 2n - 3 

In the same way, we see that 

^2n-^,a .^^^_(2 »-2)!n ^^,2^n-l, 
^2n-2_(2^-2)!r^^,2,„ 



{e,{i)Y-'{e^{x)) = ^ .„_,:; (^^)"-^(/,:^), 

(4.37) 



K„ 



2"-in! 



By (1.12), we obtain that 



(4.38) qK^^^{0v{x)) = ^9K„_,(0.(O)- 

(2) We shall next consider (7jf^_j(0^,(l + naj)). For simplicity, weset e := —9y{\ + nuo). Then (7r")*(e) = e. 
Hence we also denote tt" (e) bye. Since S*'.' is the exceptional divisor of /3, /3*(_E*'.') = and /3* ((£*'.' )|£;i,j) = 
-A"'.'. Since codimx"(Uj<j<fcA''.'''') = 4, we get 

^*(e)-0, 

(4.39) ^^(e2) = -^A-. 

Let w : X"^^ = A^'" -^ X be the restriction of u o tt to the diagonal A-'^'". Then, 

(4.40) V* (p) = I 2p*ai + ^ p*ai 1 A • • • A I 2p*a4 + ^ p- 04 J . 
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We set 



(4.41) 



n-l 

f,' ■.=2v,p + Y, p*p + Y. (^''' - p*p - p» 

4=2 l<i<j<n-l 

n-l 

+4^(Ai-'-ptp-p.rp)- 



In the same way as above, we see that the (g)"^j^'^p*_ff'^"(X, Z)-components of v*{p) and /i' are the same. 
Hence we see that 



-ff^-i 



{e,(i)Y^-^e,{x)e^Q, 



{Ov{l)f 



1 



K„ 



(4.42) 



"! JB,(N,) 

-hi ^^^^ 

n{n — 1) 



_(7r"*0,„(/))2"-4(e2) 



;/)2"-4(^A^,.) 



«<i 



2n-4,,/ 



2n! j^„-i 
(2n-2)!n2 (-2n) 
2"-in! 2n-3' 



(2pJ?+p*/ + ...+p;_iO'"~V 



Thus e is orthogonal to H^{X, Z) and 



(4.43) 



gK„_i (6*1,(1 + na;)) 



-2n 



^/^^^(^.(O)- 



By the identification 9^ : ?7 ^ ^ ij'^(i^ „-i,Z ), ( , ) is a pr imitive bihnear form on _ff^(iir„_i, Z). Then, 
by the definition of qK^_,, ( [4.38|) and ([4. 43]) imply that (|4.33|) holds. 



Proposition 4.11 (Beauville). For a Mukai vector v of rkv = 1 and {v^) > 6, 
(4.44) ey:{v^,( , ))^{H^{Kh{v),Z), Bk, (.) ) 

is an isometry of Hodge structures. 



Proof We set w = 1 + ^ + aw,^ e NS(X) and n := {v'^)/2. Then we see that (1 - ntj) exp(^) = v. By (4.33) 



(^i-nu! is an isometry of Hodge structure. Hence (1.7) implies our claim. 



D 



Therefore Theorem 0.2 holds for the rank 1 case. Obviously, Theorem D.l also holds. 



4.3.2. General cases. 

Proposition 4.12. Let Xi and X2 be abelian (or K3) surfaces, and let vi := r + ^1 + aiuo e H'^'"{Xi,'Z) 
and V2 '■— r + ^2 + ol2^ G -ff'^"(X2,Z) he primitive Mukai vectors such that (1) r > 0, (2) l{vi) — £{v2) — I, 



(3) 



= 2s, and (4) oi = 02 mod I. Then Mhi{vi) and Mn^i^i) ire deformation equivalent. 



where Hi, i — 1,2 are ample divisors on Xi such that M/f. (wi) = Muiivi). Moreover if Xi, i = 1,2 are 
abelian surfaces, then ay^ : Mh-^{vi) — > Xi x Xi is deformation equivalent to a^^ ■ Mhi{v2) ~^ X2 x X2. In 
particular, Khi{vi) is an irreducible symplectic manifold and 9^-^ is an isometry of Hodge structures if and 
only if Kh2{v2) o,nd 9y.^ have the same properties. If^i are ample and ai — a2 ^ 0, then the same assertions 
also hold for r — 0. 

Proof. If r > and Hi are general, then the results follow from the arguments of O'Grady Q (cf. \Y5, Prop. 
1.1]). Indeed, let A4 := {{X,L)} be the moduli space of polarized abelian surfaces o f (ci( £)^) = 2n. Then 
M' :— {{X,L) G M\p{X) > 2} is infinite (countable) union of algebraic subsets (cf. L-B , Exercise 10.10]). 
We can also find a suitable polarization for a product of elliptic curves. However, in order to treat the last 
statement, we also need the method of Gottsche and Huybrechts [ G-H |. Hence we do not use O'Grady's 
arguments here. 

We first ass ume that r > 0. We note that the stability does not change under the operation E 1-^ E{niHi). 
Hence by (1/7), we m ay r eplace Vi by Vi ch(_ffj ), n^ ^ 0. Thus we may assume that ^1 and ^2 are ample. 
By using Proposition p.l| in Appendix, we m ay a ssume that Hi, i = 1,2 are general with respect to Vi (i.e. 
{[\) in sect. 1.2 holds). By using Proposition 5.1 again, we may assume that p{Xi) > 2 and Hi are general. 
Replacing Vi by Vich{Ni), Ni S Pic(Xi), we may assume that S,i is a primitive ample class of (^f) > 4 
(we use Le mma [L1| ) . By the connectedness of the moduli space of polarized K3 (or abelian) surfaces and 
Proposition |5T| , we may assume that (1) Xi = X2, (2) X := Xi has an elliptic fibration tt : X ^ C, (3) 
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Hi, i = 1,2 are general with respect to Vi and (4) S,i/l = a + riif, where cr is a section of tt, / a fiber of it 
and I = £{vi)C=i{v2)). Since {vf) = (w|) = 2s, we see that Vi exp((a2 — ai)f/l) = v^- Hence if Hi — H2, 
then Lemma |l.l| impUes our claims. If Hi ^ H2, then we take a family of polarized K3 (or abelian) surfaces 
{X,C) — > T such that (XtoT^to) = (-^jCi) Buid p{Xt^) = 1 for to,ti G T. Applying Proposition |5.l| ag ain, we 
can reduce to the case where Hi = H2. Therefore we get our claim. If r = 0, then Proposition 5.1 implies 
our assertions. D 



Proof of Theorem OA and lO.Sj . (I) We first consider the case where £{v) = 1. Assume that rku > 0. Let r 
and s be positive integers. We shall find an abelia n sur face X a nd a Mukai vector v = r + £, + aLu S H™{X, Z) 
of (u^) = 2s which satisfy the claims of Theorem 0.1 and 3.2. Let {X,H) be a polarized abelian surface of 



NS(X) == 'LH and {H^) = 2r + 2s. We set v 



H 



Since 



[H ) — 2r — 2s, we shall prove the 



claims for this v. Let X be the dual abelian surface of X and V the Poincarc line bundle on X x X. By 
Proposition 3.2, Q-p induces an isomorphism Mh{v) — > M^(w), where w — I + H + ruj. Then we have a 



commutative diagram: 



(4.45) 



A/T,t(iA 


Gv 


iuh\v) 




a-u 






XxX -. 





Mh{w) 
XxX 



where we assume that a^(i?o) = <^w{G^{Eo)) — 0. Hence under Q-p, we can identify Kh{v) with K^{w). 
Then, Proposition 2.5 implies that the following diagram is commutative. 



(4.46) 



H^{Kh{v),Z) 



H^{Kh{w),Z) 



Since K^{w) is an irreducible symplectic manifold and 9^ is an isometry of Hodge structures (Proposition 
llTl) , Theorem |ot| and [o^ hold for Mh{v), if rkw > 0. Assume that rku = 0. W e set w = ^ + aw, ^ e NS(X). 



By our assumption on v, S, is effective (or ^ — 0). Since (^ ) 



> 0, |L-B, Chap. 4 Prop. 5.2] implies 



that 5 is ample. Hence by Proposition 4.12| , it is sufficient to prove Theor em (Ll| an d 0.2 for Mh{H + auj) 
where X is an abelian surface of NS(X) = ZH and a 7^ 0. By Propositions B.5 or 3.2, we get an isomorphism 
Mh{H 



= Mj^{\a\ + H). Since Theorem ^ and |0J hold if rkw > 0, Theorem |0T| and |0j hold for the 



- auj) = Mj^[\a 
case where rku = 0. 

(II) We next treat general cases, that is, we shall reduce the general cases to t{v) = 1 case. Let X be 
an abelian surface and v = l{r + ci) + au, ci G NS(X) a primitive Mukai vector such that / = £{v) and 



2/s 



>0. 



(II-l) We first assume that rkw > 0. We take a positive integer k such that n :— rk — (c^)/2 > 0. Since 
(Z,a) — 1, we may assume that b :— a ~ kl and r are relatively prime. Let C be an elliptic curve which 
has an endomorphism : C ^ C of ker cj) = Z/nZ. We set Y := C x C. Let tt : Y ^ C he the first 
projection, / a fiber of tt and cr the 0-section of tt. Then the graph T^ C Y satisfies that (P^, a) = n. 
Hence ^„ :— T^ — a 

Ma+kfH 



nf satisfies that (^„) = — 2n. We set w :— l{r + (— f„ + /)) + bcj. By Remark 3.4, 

2 



Ma-+kf{w), k ^ . I n pa rticular, it is compact. Since 



w- 



sufRcient to prove Theorem p.l 

(4.47) 



and 



0.2 for Mry+kf{w), fc 3> 0. By Theorem 3.15 , we have an isomorphism 



2ls, by Proposition 4.12, it is 



M, 



cr+kj 



{Ir + 1{-U + /) + bu) ^ M^+kfiKCn + ra) - bf + l{r + l)uj), k » 0. 



Since D := ;(^„ + ra) - bf satsifies (D^) = 2/s > and H^{Y,Oy{-D)) = 0, Riemann-Roch theorem 
implies that D is effective. By ]L-B , Prop. 5.2], D is an ample divisor. Since (6, r) = 1, D is a primitive 
ample divisor. Since we proved our theorem for the case where (.{v) = 1, Theorem 0.1 and 3.2 hold for 
Mcr+kf{l{in + ra) — bf + l(r + \)ijj), k ^ 0. Hence by taking account of Proposition E!^, we see that Theorem 



3.1 and O hold for M„+kf{w), fc > 0. 



(II-2) We next assume that rku = 0. In this case, we use an isomorphism 
(4.48) M,+kf(l + {b- l)f - aluj) ^ Ma+kf{l{<J + af) + buj),k > 



of moduli spaces on the elliptic surface tt : Y 
where rki> > 0. 



C X C ^ C . Then we can reduce our problem to the case 

D 



Proof of Theorem 4-1- By direct computations, we can also show that Theorem 4.1 holds for r = 1. Then, 
by similar method as in the proof of Theorem 3.2, we can prove Theorem 4.1: In order to prove Theorem 
4.1 (3), we use Proposition O. D 
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Remark 4.3. In the case where £{v) = 1, Dekker y| proved Theorem D.l by using Fourier-Mukai functor on 



a product of eUiptic curves. However, there may be some gaps in his proof. For example, the second hne of 
the proof of Q Thm. 4.9] may not be clear and the proof of [Q, Thm. 4.11] is not true. Also the arguments 
in |D|, sect. 5] are not correct. It might be interesting to justify his arguments. 

Corollary 4.13. We set {v^)aig := v^ {H°{X, 1) NS(X) ® H-^iX, 1)). Then 9y induces an isometry 



The following example is similar to |Mu6, 5.17] 



Example 4.1. Let X be an abehan surface with NS(X) = ZH, (H^) = 2. We set v ^ 2 + H - 2uj. Then 
Mff{v) is a variety of dimension 12. It is easy to see that v^ is generated hy a := 1 + oj and (3 -.^ H + us. 
Since 

(4.49) («') = -2, («,/?) =-1, (/32)=2, 

f^S{KHiv)) is indecomposable. Hence Mh{v) is not birationally equivalent to y x Hilby for any Y. 



to Mukai Mu5|) 



Remark 4.4. Combining the dimension counting in |Y7|, we can show the following (the second claim is due 



• Assume that v is primitive, v > and {v^) > 0. Then for a general H , 



(i) Mh{v) contains /i-stable vector bundle, unless v — rv{L) — lu, where L is a line bundle on X . 
(ii) MH{rv{L) — uj) consists of non-locally free sheaves and is isomorphic to X x Hilbj^. 

4.3.3. Application to Fourier-Mukai functor. 

Theorem 4.14. Let v be a primitive Mukai vector such that ci(v) G NS(Ar), v > and {v'^) > 0. Let S{v) 
be an irreducible open subscheme of the moduli space of simple sheaves Spl(u). Assume that the albanese 
manifold of S{v) is X x X. Then S{v) is birationally equivalent to Mh{v), or a general element E of S{v) 
fits in an exact sequence 

(4.50) 0~^Ei^E^E2^0 

where v{Ei) = hwi, v{E2) = I2W2 and (wf) — (w|) = 0, (wi, W2) = 1, {h — 1)(^2 — 1) = 0. 
In particular, if NS{X) = Z, then S{v) is birationally equivalent to Mh{v). 

Proof. Assume that S{v) does not contain a semi-stable sheaf. Let Q{v) be an open subscheme of a suitable 
quot scheme Quot^ew^ ,^ /j-, such that S{v) is a birational quotient of Q{v) by GL{Ny): There is an open 
subscheme Q{vy of Q{v) and a G-L(A^„)-invariant morphism Q{v)' -^ S{v) such that Q{v)' /GL{Ny) is 
birationally equivalent to S{v). For a sequence of Mukai vectors wi,W2, ■ ■ ■ ^Vs^ let F(vi,V2, . ■ ■ ,Vs) be the 
set of g e Q{v) such that the Harder-Narasimhan filtration of Eg-. 



(4.51) C Fi C F2 C • • • C i^. = £, 



g 



satisfies v{Ei/ Ei^i) — Vi. Since Q{v) does not contain a semi-stable sheaf, there is a sequence oivi,V2,.-.,Vs 
such that F{vi,V2, ■ ■ ■ ,Vs) is an open dense subscheme of Q{v). Let ( : F{vi,V2, . . . ,Vs) — > Hi ^H{vi) be 
a morphism sending q G F{vi,V2, ■ ■ ■ ,Vs) to ([Fi], [F2/F1], ..., [Fs/Fs-i]) € Hj Mnivi), where [Fi/Fi-i] is 



the 5-equivalence class of Fi/Fi^i. By [Y7, sect. 5.2], we see that C is dominant. Composing ( with JJ- a^., 



we get a morphism F{vi, V2, . ■ ■ , Vs) -^ {X x xy . Obviously, this map is G'L(iVt, )-invariant. Hence we get a 



morphism 77 : S{v) — > (X x xy . By Proposition 4.4, dimim(7/) > 2s. Since the albanese manifold of S{v) is 



X X X, by the universal property of the albanese map, we get that s < 2. Moreover by the second claim of 



Proposition 4.4, we get that {vf) — (wj) — 0. Hence a general member E of S{v) fits in an exact sequence 



(4.52) ^ Fi -> F -> F2 ^ 0, 

where v{Ei) = Vi. We set Vi := kwi, where Wi are primitive. Then (w^) = 2/1/2^1, where n = (wi, W2). Since 
E is simple, Hom(£'2, Ei) = 0. Hence n = (wi, W2) > 0. We denote the moduh stack of semi-stable sheaves 
E of v{E) = V, by Mh{v,Y'. Then we get that dimS'(u) - 1 = dimMHiviY" + dimMHM'"' + (wi,i'2)- 



Since dimA^/f (ui)"'* = k (see [Y7, Lem. 1.8]), we have h + I2 + hhn = 2/1/2/1 -t- 1, which implies that 
n = 1 and {h - l)(/2 - 1) = 0. Assume that NS(X) = ZH. We set Wi := r^ + diH + aiUj, i = 1,2. If 
{wi) ~ df{H'^) — 2riai — 0, then we get that {wi,W2) — — (?'2(ii — rid2)^(^^)/2rir2 < 0. Hence S{v) is 
birationally equivalent to Mh{v). D 
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Corollary 4.15. Let X he an abelian surface of NS(X) — ZH . Let v be a primitive Mukai vector such 
that ci{v) e NS(X), V > Q and (v^) > 0. Let Tv : D(X) -^ T>{Y) (resp. G-p : D(X) -^ T>{Y)op) be 
a Fourier-Mukai functor associated to a universal family on X x Y . Assume that WIT^ holds for some 
E a Mh{v). Then T-p (resp. Q-p) induces a birational map Mh{v) ■ ■ ■ —> AIg{w), where w — {—lyj-'p (v) 
(resp. w == {~iyg^{v)). 



Proof By Theorem [4. 1|, Alb(MH(u)) =X xX = Y xY. Hence we can apply Theorem |4.14| to J^^(A///(u)). 

D 

Conjecture 4.16. Assume that V is the Poincare line bundle on X x X . //NS(X) = ZH , then T-p or Qp 
induces a birational map Mh{v) ■ ■ ■ ^ M^iw), where w — zt!Fp{v) or w ^ ±Qp (v). 

For an evidence, we can show the following theorem. 

Theorem 4.17. Assume that NS(X) = ZH and V is the Poincare line bundle on X x X . Let r + dH + aoj 
be a primitive Mukai vector such that r > and d > 0. 

(i) If CL ^^ o-nd d > 0, then T-p induces a birational map Muir + dH + auj) • • • — > Mf^{-~a + dH — ruj). 
(ii) If d = or < a < 4, then Q-p induces a birational map Mnir + dH + auj) ■ ■ ■ —f Mj^{a + dH + ruj) . 

The proof will be done in section 6. 



4.4. Non-Kahler symplectic manifold. For another application of Theorem 0.2, we shall give an example 
of non-Kahler compact symplectic manifold, which is a symplectic analogue of Hironaka's example S]. Let 
X be an abelian surface of NS(X) = Z_ff and assume that v := r + ci + aut satisfies that £{v) = 1 and 
(v^) = 2r. We set 



(4.53) Mh{v)s ■■= {E e Mniv)] E is not locally free}. 

We shall describe AIh{v)s. Wc shall first prove that Mh{v)s is smooth. Let E he a. point of Mh{v)s and 

■)©(■ 



X the pinch point of E. Then E ® Ox,x — I-x ® ^xx ' where Ox.x is the stalk of Ox at x. Since 



Ext^(£', i?) ^ C and E'^'^ is simple, by using the local-global spectral sequence, we see that 

(4.54) Y.y±^{E,E)^ H°{X,£xt^{E,E)) 

is surjective. In the local deformation space oi E ® Ox,x, the locus of non- locally free sheaves is smooth of 
codimension r — 1. Hence Mh{v)s is smooth of codimension r — 1. 

Bu our assumption, {{v + cj)^) = 0. Hence Y :— Mh{v + cj) is an abelian surface and consists of semi- 
homogeneous vector bundles. For simplicity, we assume that there is a universal bundle J- onY x X (e.g. 
V = r + dH + {d^k — l)uj, {H"^) = 2rfc and {r,dk) = 1). We shall prove that P -.^ P{J^) is isomorphic to 
Mh{v)s- Let tn : P — > y X X be the projection and k7*JF -^ C'p(A) the universal quotient line bundle. Let 
r be the graph of the projection P ^ X. Then there is a surjective homomorphism 

(4.55) (j):vD*TMOx^Or{\)- 

Since C'r(A) is flat over P, ker0 is a flat family of torsion free sheaves of w(ker(/)t) = w, i e P. Thus we get a 
morphism P — ^ Mh{v)s. It is easy to see that this niorphisni is proper and bijective. Hence it is isomorphic. 
Let us consider the flber product Kh{v)s ■— Mh{v)s ^m„(v) Kh[v). We shall prove that Kh{v)s is 
disjoint union of r^ copies of P''"^. Let Eq be an element of P such that tu{Ei^) = (0,0). We may assume 
that a(^o) = (0, 0). Then the restriction of a to P facto rs T ^Y x X ^ X x X, whe re Y x X ^ X x X \s 



the map sending {y,x) to (det(y), a(j/) — x). By Mul |, #ker(det) — r^ (see Lemma 4.19 ). Hence Kh{v)s 
is r^ copies of P''"^. 

Let Pi, P2, ■ • • , Pr^ be the r^ copies of P*""^. Assume that r > 3. Let Kh{v) -^ Kh{v) be the blow-up of 
Kh{v) along Pi. Then the exceptional divisor P(r2p ) has a natural morphism ^p : P(r2p ) ^ Pi, where Pi 
is the dual projective space of Pi. Then we can contract fibers of tp and get a symplectic manifold KHiv)' . 



That is, KHiv)' is Mukai's elementary transform of Kh(v) along Pi (|Mu3], |Hu, 2.5]). 
Proposition 4.18. Kniv)' is not Kdhler. 



Proof. By our assumption on X and Corollary 4.13, H'-'{Kh{v))q — Q®^. By using qK„{v)y we have an 



isomorphism H^'^{Kh{v))q = H^^ ^'^^ ^{Kh{v))q. Let /i, Z2, . . . Jr^he lines on Pi, P2, . . . , Pr^ respectively. 
For a line bundle A of ci{A) = ci{v), we set M//(w,A) := {E e MH{v)\detE = A}. Let NHiv,A) be 
the Uhlenbeck's compactification of the moduli space of /^-stable vector bundles E of Mukai vector v and 
detE = A. By Li Q, NnivjdetEo) is a projective scheme and there is a contraction / : M//(w,det £^0) — ^ 
NnivjdetEo). By this contraction, each Pi are contracted to points on A^//(w,det i?o)- Hence each li are 
perpendicular to f*(P\c{NH{v, det Eq))). Let L be the pull-back of an ample fine bundle on Nh{v, det Eq). 
Then {L,C) ^ for any curve which does not contained in UiP^. Therefore Qli = Qh — ■ ■ ■ — Qlr^. Let 
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P{ C Kh{v)' be the center of the elementary transformation and l'^ a hne on P[. Assume that Kniv)' is 
also Kiihler. Since H^^^{Kh{v)'\ ^ H'^'^{KH{v))q, H^'^-^'^'-^{Kh{v)')q is also of dimension 2. Since L is 
trivial on a neighborhood of UiPi, we get (L, l[) — (L, I2) = ■ ■ ■ = [L. Ir^) — 0, where we denote the extension 
of _L|/^'^(,j')\u.p. to Kniv)' by the same L. Therefore we also get that Ql[ = Q^2 = • ■ ■ — Qlr^- Since Kahler 
form has positive intersection with effective 1-cycles, we get that 

(4-56) ^ , ^ 

Q+l[ = Q+l2 = --- = Q+lr-- 

On the other hand, since Kuiv)' is the eleme ntary transform of Kh{v) along Pi, for an ample line bundle 
B on Kniv), [B, h) > and {B, l[) < 0. By (|4.56|) , this is impossible. Therefore KHiv)' is not Kahler. D 

Lemma 4.19. Keep the notations as above. Then 7^ker(det : Y -^ X) = r^. 

Proof. Let E be an element of Y. We set 

K{E) := {x e X\T:E = E}, 
(4.57) i^(det^) ■.^{xeX\T;;detE'^detE}, 

I](^) ■.= {yeX\E®Vy^E}, 

where V is the Poincare hne bundle on X x X. Then F = X/K{E) and kerdet = K {det E) / K {E) . By 
puH , Cor. 7.8], 

(A ^^\ #K{deiE) ^ #Xr 

^ ' *K{E) #nEy 

where Xr is the set of r-torsion points of X . Since H^Xr = r* and ^Yi{E) = r^ (| Mul , Prop. 7.1]), we obtain 
our lemma. D 

4.5. Intermediate jacobian. For an irreducible symplectic manifold M, H^{M,Om) = 0. In this subsec- 
tion, wc shall compute the intermediate jacobian J2{Kh{v)) :— H^{KH{v),il]^ ,~^)/H^{Kh{v),'Z). We set 

H°'^'^{X, Z) := H^{X, Z) ® H^{X, Z) and define weight 3 Hodge structure by 

'H"'^{H'"^'^{X,C)) =0 
H^,2(^jjodd(^X, C)) = H°'\X) ® iJi'2(x) 
H^'\H'"^\X, C)) = H^'°{X) ® ij24(x) 
^H^.o^ffodd^X,C)) =0. 
We define a homomorphism 

(4.60) J, : H'"'\X,Z) ^ H^KH{v),Z)f 

by 

(4-61) j^(x) := [pk«(«)* (ch(£|K„(„)xx)a;)]3/2: 

where H^ {K h (v) , Z) f is the torsion free quotient of H^{Kh{v),Z). Since H^{Kh{v),'Z) = 0, it is easy to 
see that jv does not depend on the choice of a quasi-universal family. 

Proposition 4.20. Let v be a primitive Mukai vector such that v > Q, ci{v) £ NS(X) and (w^) > 6. Then 
jv ■ H^{X,Z) © H^{X,'Ij) —^ H'^{KH{v),'Z)f is an isomorphism preserving Hodge structures. In particular, 
J2{Kh{v))=XxX. 

In the same way as in the proof of Theorem p.2| , we shall first prove our claim for the case where rk(u) = 1. 
Since codimAr(7V\iV*) = 4, H^{N^,Z) = H^{N, Z). Since Gottsche (see |g|, p. 50]) proved that b^iKniv)) = 
8, it is sufficient to prove that hnj is a direct summand of H^{Kh(v),1i). Since codim/f^(.y)(ii'//(w) \ 
KHiv),) = 2, H^{KHiv),Z) -^ H^{Kh{v),,Z) is injective. Since H^{KH{v)*,Z)f -^ H^{BsiN,),Z)^" is 
injective, we shall regard imj as a submodule of H^{Bs{N,),Z)'^"^ . By (4.24), we see that 

(4-62) jvixi +X3) ^J2P*^^^^hBsiN.) -J2^'''Pi^^'^^\Bs{N,)- 

i i<j 



(4.59) 



By similar way as in the proof of Lemma 4.10 , we see that im ji, is a direct summand of H^{Bs{N^,), Z)®" . 
Thus we get our claim for rkw = 1 case. For general cases, by the following lemma, we can argue as in the 
proof of Theorem 0.2. 

Lemma 4.21. Let V be the Poincare line bundle on X x X . Then 

(1) S-p is defined over Z. 
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(2) Assume that Q-p induces an isomorphism Kff{v) -^ K^{Q^{v)). Then the following diag' 
mutative. 



ram is com- 



H'"^'^{X, Z) ^ ^^' ^^) H°'^''{X, Z) 



(4.63) 



3v 



3aH 



OSM 



H^{Kh{v),Z) H\K^[T^{v)),I.) 



The same assertion also holds for relative Fourier-Mukai functor on a product of elliptic curves in section 
3.2. 



Proof. We first treat original Fourier-Mukai functor. By Lemma 3.1, Qip is defined over Z. The second 



assertion follows from the same computation in Proposition |2.4. 

Let X = Ci X C2 be a product of two elliptic curves Ci,C2. Let 7^ be a universal family on relative 
jacobian OTi i : X x c^ X ^^ X x X . By a direct computation, we see that ch(i*(7^)) S H*{X x X,Z). Hence 



the first claim holds. The second assertion follows from the same computation in Proposition 2.4. D 



4.6. The case where {v'^) = 4. In this subsection, we shall treat the remaining case, that is, (w^) = 4. In 
this case, Kh{v) is a K3 surface. We assume that H is general with respect to v. We shall determine this 
K3 surface. Let v = r + ^ + aco, £, € NS(X) be a Mukai vector of (w^) = 4. Then we see that i{v) = 1, 2. 
Replacing v by vch{H'^"^), tti ^ 0, we may assume that ^ belongs to the ample cone. Let l : X ^ X he 
the (— l)-involution of X and xi, X2, . . . , xie the fixed points of l. Let n : X ^ X he the blow-ups of X at 
xi, X2, . . . , xie and Ei, E2, . . . , Eiq the exceptional divisors of tt. Let qi : X —> X/l be the quotient map. 
Then the morphism qi o tt : X ^ X/l factors through the quotient X/l of X by t : X -4 X/l ^ X/l. Let 
Km(X) :— X/l he the Kummer surface associated to X and m : X/l -^ X/l the minimal resolution of X/l. 
We set Ci := 52 (^»), « = 1, 2, . . . , 16. 

Since the notion of stability only depends on the numerical equivalence class of H , replacing H hy H ® P, 
P e Y'\c^{X), we may assume that H is symmetric, that is, l*H = H. Then H has a i-linearization. Hence 
jj®2 descend to an ample line bundle L on X/l. Then Lm ■= ru* {L®'^){— X)i=i C'i), m ^ is an ample line 
bundle on Km(X). We shall fix a sufficiently large integer to. We would like to relate Kh{v) to Ml^{w) 
for some w G iJ*(Km(X),Z). 

4.6.1. The case where £{v) — 1. Let w = r + ci + atu £ H'^'"{Kin{X),Z) be an isotropic Mukai vector with 



ci e NS(X). We shaU look for some conditions on w such that Kh{v) ^ Ml^ (w). By Mukai ||Mu4| , Ml^ {w) 
is not empty, if rk(u') > 0. Assume that tt, (qjCi) = S,. 

Lemma 4.22. Ml^{w) consists of ^l- stable sheaves, ifrkw > 0. 

Proof. Let E he an element of Ml^{w). Then F :— E'^'^ is a ^-semi-stable vector bundle of v{F) — 
w+kuj,k > 0. q2{F) is a /x-semi-stable vector bundle on X with respect to gjl-^m) = 7r*(i?®^™)(-2^^f^^ Ei). 
Since m is sufficiently large, 7r*((72(^))^^ is /i-semi-stable with respect to H. Since £{w) — 1 and iJ is a 
general ample line bundle, 7r*((72 (-?")) ^^ is /z-stable. By the choice of m, q2{F) is also /i-stable. Hence F is 
a /i-stable vector bundle, which implies that Mi^^{w) consists of /i-stable sheaves. D 

Since diraML,„{w) = (w^) +2 = 2, every member of Ml^{w) is locally free. Moreover general members F 
of Ml^[w) are rigid on each (— 2)-curves Ci. 

Lemma 4.23. We set N{w,i) := {F e ML^{w)\Extl^^{F\c^, F\cJ ^ 0}. ThenN{w,i) is not empty if and 
only i/r| deg(-F'|c'. ). Moreover if N{w,i) is not empty, then N{w,i) is a rational curve. 

Proof We assume that Ext^^(F|c,, i^c J 7^ 0. We set F\c, = ®*^^lOc.(ai)®"^ ai < 02 < • • • < Ofe. Let 
F' :— ker{F -^ Oci(ai)®"0 be the elementary transformation of F along Odiai)®^^ . Since v{Ociiai)) = 
Ci + x{Oci{ai))^ = Q -f (ai -f l)a;, we get 

(4.64) v{F') = v{F) ~ ni{Ci - (ai + 1)lu). 

Hence we see that {v{F')'^) — ^'2ni{J2j>2^j('^3 — ai ~ 1)) < 0. By the choice of Lm, F' is also /t-stable 
(cf. [^, Prop. 2.3]). Hence -2 < -2ni(X;j>2 "^j(aj - «! - !))• Since F is not rigid (i.e. Ext^(i^,i^) 7^ 0), 
X]i>2 "i(% — fli — 1) > 0. Thus ni — J2j>2 "j(% — ai — 1) = 1. Therefore we get that 

(4.65) F|c. = Oc.iai) © Oc.(ai + l)®^'-^) © ^^.(ai -K 2). 

In this case, {v{F')'^) = —2, and hence i^' is a unique stable vector bundle of i)(F') = v{F)—ni{Ci — {ai + l)uj). 
It is not difficult to see that the choice of inverse transformations is parametrized by P^. Therefore N{w,i) 
is a rational curve. D 
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We shall consider the pull-back q^iF) of a general member F. Since F^ij., 1 < i < 16 are rigid, replacing 
q^{F) by q2{F)iY.lti SzEt) for some integers Si, we may assume that q2{F)\E = Ob.I-I)®*^' ® Q®ir-k,) 



Let : g*(i^) ^ ®-£iCb.(-1)®''' be the quotient map induced by the quotients g2(-P')|£. "^ £'£,(-1)®'=' 



Then 

(i) G := ker0 is the elementary transformation of (72 (-^) along ffi^^iCfi, (— 1)®'^', 
(ii) G satisfies that Gie, = C|[- 

Hence 7r*(G) is a stable vector bundle on X. So we get a rational map / : Ml^^{w) ■ ■ ■ ^ Mh{v), where 
V = u(7r*(G)). Since Ml^^{w) is a K3 surface, the image of Ml^{w) belongs to a fiber of 0. Since q^iF) is a 
stable (and hence a simple vector bundle) and b has fixed points, i-linearization on F is uniquely determined 
by q2{F). Hence / is generically injcctive. By a simple calculation, we get that 

{v{Gf)^2rc2{G)~{r-l){c,{Gf) 

16 

= 4rc2(F) - 2(r - l){ci{Ff) - ^ fc,(r - h) 

i=l 

(4 66) '^^ 

= 2((«;2) + 2r2)-^fc,(r~fc,) 

1=1 

16 

-4r2-^fc,(r-fcO. 

4=1 

Hence if (w(G)^) = 4r^ — X]i=i ^*(^ ^ ^0 = 4, then the fiber of a is isomorphic to A/i^(ii;). 

Conversely for a Mukai vector v = r + dN + auj E H'^'^'{X, Z) such that (a) A^ is a (1, n)-polarization, (&) 
(r, d) = 1 and (c) (i;^) = ^^(tv^) - 2ra = 4, we shaU look for such a vector w G iJ"'(Km(X), Z). We shaU 
divide the problem into two cases. We also treat the case where r = 0. 

Case (I). We first assume that r is even. In this case, d must be odd. By the condition (c), {N'^) = 2n is 
divisible by 4. Thus n is an even integer. In this case, replacing N hy N ® P, P & Pic°(X), we may assume 
that N has an ^-linearization which acts trivially on the fibers of N at exactly 4 points (cf. [L-B, Rem. 7.7]). 
Replacing the indices, we assume that the 4 points are xi,X2,X3,Xi. We set 



^4 

I /V-i •:;= TT ■ I /V ^" l( .^ > 

(4.67) 



N2 := Ni{~rEi). 



Then for suitable linearizations, A^i and N2 descend to line bundles ^1 and ^2 on Km(X) respectively. By 
simple calculations, we get that 

(4-68) ^r{a^2r + 2), 

(e2')=r(a-2r+l). 
(I-l) We first assume that r > and set 



(4.69) 




2-^-t2a;, if a is even, 
°~y+^ cu, if a is odd. 



Then we get that (w^) = 0. Let F be a general stable vector bundle of v{F) = w. By the choice of ^1 and 
^2, the restriction of g^(F) or q^{F){Ei) to Ei is isomorphic to ©^^(-l)®'^* ® O®^''"''*^ where ki = (r-2)/2 



for 1 < i < 4 and h = r/2 for i > 5. Then by ([4. 661) , we get that (w(7r,(G))2) = 4. Since rk(7r*(G)) = r and 
Ci(7r*(G)) = dN, v{^T^,{G)) must be equal to v. Therefore Kh{v) is isomorphic to Ml^{w). 
(1-2) We next assume that r = 0. In this case, d = 1 and (iV^) ^ 4. Then d\m.H\X,N) = 2. We 
set w := 6 + bio, b ^ 0. Since (f^) = and {^i,L„i) > 0, we get dimiJ"(Km(X),^i) > 2. Since 
dimH°{X,N) > H" {Km{X) , Ci) , dimiJ"(Km(X), ^1) = 2. If |^i| does not have a fixed component, it 
defines an elliptic fibration Km(X) -^ P^. In this case, we see that Mi^^^iw) is not empty and is isomorphic 
to a compactification of the relative jacobian. For an elliptic curve D E |^i|, q2^{D) ^ D \s a. double cover 
branched at 92 (Gi) n D, 1 < i < 4. Then we have a birational map Ml^{w) ■ ■ ■ ^ Kh{v) by sending a line 
bundle F (e Ml^{w)) on D to 7r,(g^(i^)) e Kh{v). Therefore Kh{v) is isomorphic to MlS{w). If |Ci| have 
a fixed component, then by a classification of N, 

(i) X is a product of two elliptic curves Ei , E2 and 
(n) N = OiSi(Pi) H OiS2(P2 + (-1)*(P2)), where Pi e ^i is a 2-torson point and P2 G E2. 
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In this case, the second projection p2 : X ^ E2 induces an eUiptic fibration e : Km(X) -^ E^/ ±1 = P^. 
Then the section {Pi} x E2 <Z X oi p2 induces a section a of e. Let / be a fiber of e. Then we see that 
^1 = (T + f. Let y he a point of £^2/ ± 1 such that e and E2 -^ E2/ H are smooth over y. Assume that 
Ml^{w) 7^ 0. Let F be an element of Ml^{w) such that Supp(P) — (tU e~^{y). Then it is easy to see that 
TT*{q2{F)) belongs to Kh{v). Hence we have a birational map Ml^{w) ■ ■ ■ ^ Kh{v). Therefore Kh{v) is 
isomorphic to Ml^{w). For the non-emptyness of Ml^{w), we quote the following easy lemma. 

Lemma 4.24. Let X be a rational number such that b/X ^ Z. Let n be an integer ofb/X < n < b/X+ 1. Let 
F be a coherent sheaf of v{F) — w. Then F is stable with respect to a + {X + 1)/ + L' , V G (ct, f)^ , if and 
only if F fits in a non-trivial extension 

(4.70) O^C'<,(fe-n-l)^F^/^0, 

where I is a line bundle of degree n on a fiber of e. In particular, A^o-+(A+i)/+L' (''^) i^ isomorphic to a 
compactification of relative jacobian. 

Case (II). We assume that r is odd. Replacing v by vch{N), we may assume that d is even. We set 
Ni ;= Tr*{N®'^){^ J^lti ^i)- Then for a suitable hnearization, iVi descends to a line bundle £, on Km(X). 
By a simple calculation, we get that (f^) = r{a — 2r + 4). Since d is even and r is odd, condition (c) implies 
that a is an even integer. We set w := r + ^ + {(a — 2r + A)/2]lo. Then we get that (w^) = 0. In the same 
way as above, we see that v{^:^^,{G)) = w, which implies that Kh{v) = Ml^{w). 

Remark 4.5. By the choice of ki, if r > 2, then N{w,i) is empty. Thus / is a morphism. If r = 2, then 
N{w, i), 1 < i < 4 is not empty and these closed subset correspond to the closed subset 

(4.71) N{v, i) := {G € Kh{v)\G is not locally free at xj. 

4.6.2. The case where £(v) = 2. In this case, we may assume that v = 2(r + dN) + aw, where A'^ is a 
primitive ample line bundle and d'^{N'^) — ra + \. We use the same notations and methods as in the case 
where (.{v) = 1. For this purpose, we prepare a lemma. 

Lemma 4.25. Keep the notations as above. Assume that r > 2. If H is general, then every ^-semi-stable 
sheaf E of v{E) = v is a ^-stable vector bundle. 

Proof. Let i<^ be a ^-semi-stable sheaf of v{E) — v. Assume that E is not /i-stable. Since H is general, there 
is an exact sequence 

(4.72) ^ El ^ E ^ E2 ^ 0, 

where Ei, i = 1,2 are /i-stable sheaves of v{Ei) = r + dN + OiLo. Since d^{N'^) = j-a + 1 and ai+ 02 — a, we 
see that {v{Eif) =r{a2-ai) + l and {v{E2f) = r(ai - 03) -f 1. Since {v{Eif),{v{E2f) > 0, {v{Eif) =0 
or (w(£'2)^) = 0. Then we get r(ai — 02) = ±1. Since r > 1, this is impossible. Therefore E is /^-stable. If 
E is not locally free, then F :— _E^^ is a /^-stable locally free sheaf of v{F) ~ v + but, b > 0. Since r > 1, we 
see that (v{F)'^) = (v^) — Arb < 0. Hence E must be locally free. D 

We first assume that r > 1. We set A^i := iT*{N'^^'^){-rJ2llj^E,-\-2Ei). Then for a suitable linearization 
on A^i, A^i descend to a line bundle ^1 on Kui{X). We set w := 2r -t- ^1 + °'^^~'^^ uj. Then we see that 
{w'^) = 0. Let F be a /i-semi-stable vector bundle of v{F) — w with respect to L^. By the choice of ^1 and 



A, 7r*((72(-P"))^^ is a /i-semi-stable vector bundle of u(7r*(g2(-F))^^) — v-\-buj, 6 > 0. By Lemma 4.25 and the 
choice of Lm, 92 (-^) is a /i-stable vector bundle with respect to 52(^171) and 7r*((72(^))^'^ is a /^-stable vector 
bundle of w(7r*(g2(-F))^^) = v. Hence Kh{v) is isomorphic to Ml^^{w). 



If r = 1, then Mh{v) is isomorphic to Mh{v'), v' = 2—uj. In this case, Mukai | Mu5| , Cor. 4.5] (see Theorem 



S.4 ) showed that Fourier-Mukai transform Q-p by Poincare line bundle V otl X y. X gives an isomorphism 



Mh{v') -^ Hilbj> xX. Therefore Kh{v) is isomorphic to Km(X). By the isomorphism induced by Q-p, a 
generel member of Mh{v') fits in an exact sequence 

(4.73) O^E^Va:®Vy^C,^0 



where x,y £ X and z £ X. By using (4.73), we give another description of Kh{v). Assume that y = —x 
and z = 0. Then E belongs to Kh{v). Since i'{Vx) = Vy, G := tt*{'Px © Vy) has a t-hnearization. We 
note that the action of t on G|£;. — T^*{'Px)\Ei ® ''^*^y)\Ei is given by (a, 6) 1-^ {b,a). Let tpi : Gsi -^ C_Bi 
be the homomorphism sending (a, 6) to a — b. Let tl; : G ^ ©iliC'^i be the composition of the restriction 
G -^ ®liiGiE, with ®Vi : ®lliG\Ei — > ©i^iCfi;- Then ker(V') is t-hnearhzed locally free sheaf such that 
the action is trivial on UiEi. Hence there is a locally free sheaf F on Km(A") such that q2{F) = ker(^). By 
our construction of ker('i/;), kei{ip) is stable with respect to q2{Lm). Hence F is stable with respect to Lm- 
Moreover we see that ch{q2{F)) = 2 — ^^ Ei — Sw, and hence v{F) = 2— (^^ Ci)/2 — 2uj =: w. Since w is 
isotropic, Ml^{w) is a K3 surface. Therefore Kh{v) is isomorphic to Ml^{w). 
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Combining all together, we obtain the following theorem. 

Theorem 4.26. Let v € if™(X,Z) be a Mukai vector such that v > 0, ci{v) e NS(X) and (v^) = 4. 
Assume that H is general with respect to v. Let Km(X) be the Kummer surface associated to X . Then there 
is an isotropic Mukai vector w G H''^(Kin{X ),'!,) and an ample line bundle H' on Km(X) such that Kh{v) 
is isomorphic to Mh' (w) . 

5. Appendix: Stable sheaves on a family of abelian (or K3) surfaces 

In this appendix, we shall prove the following proposition. 

Proposition 5.1. Let T be a connected smooth curve and {X,C) a pair of a smooth family of abelian 
surfaces (resp. K3 surfaces) px : X —^ T and a relatively ample line bundle C. Assume that Xt^ is an 
abelian surface (resp. K3 surface) of ^S{Xt^) = ILt^, for a point ti £ T (in particular C is primitive) . Let 
V = r + dC + acij G R*pt*'Zi be a prmitive Mukai vector. Then, 

(1) there is an algebraic space 2H(u) — > T which is smooth, proper and dJl{v)t = Mh^ (vt), i G T for a general 
ample divisor Ht on Xt. Moreover if we choose a finite subset Tq d T and choose any ample divisor H[ 
on Xt, t G To, such that M^'ivt) ~ M}j'{vt), then we can construct 9Jl(w) so that 'ilfl{v)t ~ M^'ivt) 
forte To. 

(2) For the family dJl{v) -^ T, the homomorphism 9y^ : v:^ -^ H'^{Tl{v)t, Z), i G T gives a homomorphism 



between local systems {w^ }fgT — >■ {^^(9^(w)t, Z)} 



t£T. 



(3) If Pt '. X -^ T is a family of abelian surfaces with a section, then we have a family of morphisms 
a„, : m{v)t -^{Xxt Pi^/t)*: * e T. 

Proof. The proof is similar to [[Y3| , Prop. 3.3]. But we repeat the proof since our assumption on v is weaker 



than that in |Y3, Prop. 3.3] 



Let g : Vicx/r ^ T he the relative Picard scheme. We denote the connected component of Pic;f/j- 
containing the section of g which corresponds to the family dC by Pic^ ,j,. Since Vic ^ it — ^^'^x /t' ^^'-■x /t ~^ 
T is a smooth morphism. Let h : ^x/ri''^) —^The the moduli scheme parametrizing S'-equivalence classes 



of £t-semi-stable sheaves E on Xt with v{E) — Vt |Mal]. Let D be the closed subset of ^x/t{v) consisting 



of properly i2(-semi-stable sheaves on Xt. Since ft, is a proper morphism, h{D) is a closed subset of T . Since 
h{D) does not contain ti and T is an irreducible curve, h{D) is a finite point set. Since our problem is local, 
we may assume that h{D) = {to}- Let H he b, general ample divisor on Xt^. Let s : S\Axit{v) ^ T be the 
moduli space of simple sheaves E on Xt,t € T with v{E) = vt [|A-K , Thm. 7.4]. Let Ui he the closed subset 



of s ^{T\ {to}) consisting of simple sheaves on Xt, t eT\ {to} which are not stable with respect to £t and 
Ui the closure of Ui in Spl;t'/7^(v). Let U2 he the closed subset of s~^{to) consisting of simple sheaves which 



are not semi-stable with respect to H. In Lemma 5.3, we shall prove that Ui O s ^(to) is a subset of U2 



We set 9Jl(u) :— Splx/ri''^) \ {Ui U U2). Then Tt{v) is an open subspace of Spl;t'/7^(u) which is of finite type 
and contains all i?-stable sheaves on Xt^^ . By using valuative criterion of separatedness and properness, we 
get that s : Tl{v) —> T is a proper morphism. Indeed, since Tl{v) Xt {T\ {to}) -^ T\ {to} is proper, it is 
sufficient to check these properties near the fibre Xtg . The separatedness follows from base change theorem 
and stability with respect to H (cf. [ ]A-K , Lem. 7.8]), and the properness follows from Lemma 5.3 below 



and the projectivity of VJl{v)tf,. Since Pic^ ,j, — > T is a smooth morphism, [Mu3, Thm. 1.17] implies that 
97l(w) ^ T is a smooth morphism. Thus (1) holds. 



We next prove the second claim. By the proof of |Mu4, Thm. A. 5], there is a quasi-universal family £ on 



dJl{v) Xt X. Since C is relatively ample, there is a locally free resolution of £. Hence we can define Chern 
character oi 8. Then Oy^{x) = —{l/p)[pm{v)t*{{'^^^)t{y^^<ix/T)tx'^)]i: x G v^ , where tdx/T is the relative 
Todd class of A" — > T and p is the similitude of £. Therefore 0^^ is a homomorphism between local systems. 
Assume that pt is a family of abelian surfaces with a section a. Then R'^pT^'L = Zcr and we have a 
flat family of coherent sheaves Vi and V2 on X such that v{{Vi)t — (V2)t) = Vt, t £ T. Moreover there is 
a universal line bundle on A" x^ P^Cx/t- Hence by using the formal difference Vl — V2, we can define a 
morphism o : 97t(u) -^ X Xt Pic'^x/T- ^ 

Lemma 5.2. Keep the notation above. Let R be a discrete valuation ring over Ot. Assume that Ot —* R 
is infective. Let L be a line bundle over X i^Ot ^- Then Ci{L) = lci{C ®Ot ^) /o*" some I G Z. 

Proof. We set Cr := C'S)Ot -R- Let P{x) be the Hilbert polynomial of L with respect to Cr. Let Ehe a, locally 
free sheaf on X such that there is a surjective homomorphism E®q^ R -^ L, and we shall consider the quot 
scheme Q := Quot^/^^y^. Then L defines a morphism r : Spec(i?) — > Q such that L = {t Xt lx)*Q, where 
Q is the universal quotient. Let Qq he the connected component of Q which contains the image of Spec(i?). 
Since Spec(i?) ^ T is dominant, c{ : Qo ^ T is dominant, and hence surjective. Since NS(A'tj) — TLLt^, we 
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get that ci(Qqj) = lci{£q^), I e Z, where gi € q ^(ti)- Hence ci(Q) = Zci(£ (^Ot ^Qo) ^^ ^^ element of 
B?pQg^:1, where pQp : X ycx Qo ~* Qo is the projection. Therefore we get our lemma. D 

Lemma 5.3. Keep the notation as above. Let R be a discrete valuation ring, K the quotient field of R, and 
k the residue field of R. Let Spec(i?) —> T be a dominant morphism such that Spec(/e) — > T defines the point 
to- 

(1) Let E be a R-flat coherent sheaf on Xji such that Ek '■— E i^n K is not semi-stable with respect to 
Ck ■ Then Et„ is not semi-stable with respect to any ample divisor on Xt„ . 

(2) For a Cx -stable sheaf Ej^ on Xj^, there is a R-flat coherent sheaf E on Xfj such that E {g)/j K — E^ 
and E ®j^ k is a H -stable sheaf. 

Proof. (1) We first assume that rk£^ > 0. Since Ek is not semi-stable, there is a quotient sheaf Ek -^ Fk 
such that 

(i) 
,,^^ (,c^{Ek).c^{Ck)) ^ {c,{Fk),ci{Ck)) 

^^■^^ rkE^ > rkK ' 

or 

(ii) 
,5 2^ {c^{Ek).c^{Ck)) _ {c^{Fk).c,{Ck)) XJEk) ^ XJFk) 

^ ■ ' rkEK rkFK ' rkEK rkF/f ' 

Let £^ ^ i^ be a flat extension of Ek -^ Fk. By Lemma |5.2| , ( ^.l| ) and (5.2) implies that ci{E)/ ikE — 
ci{F)/ ik{F) — Ici{Cr)J e Q>o- Since {ci{Cto),H) > for any ample divisor H on Xtg, similar relations 
to (pM, (pj) hold for F (gj/j k. Thus E i^n k is not semi-stable with respect to any ample divisor on Xt^. 
If rki? = 0, then by using the inequality 

(r,^) X(^i^) ^ XJFk) 

^ ■ ^ {ci{EK),Ci{£K)) (ci(Fx),ci(£x))' 

we can prove our claim. 



(2) The proof is very similar to |Y3, Lem. 3.4]. In |Y3|, we only consider the case where /x-semi-stable 



sheaves are /i-stable. By using a similar method as in the proof of (1), we can easily modify the arguments 



in the second paragraph of the proof of |Y3, Lem. 3.4]. D 



6. Appendix: Evidence of Conjecture 4.16 



Throughout of this section, we assume that X is an abelian surface with NS(X) = ZH, where H is the 
ample generator. We consider Fourier-Mukai transform J^-p (resp. Q-p) induced by the Poincarc line bundle 



T' on X X X. In particular, we shall prove Theorem 4.17 



6.1. Proof of Theorem 4.17 (i) 



Lemma 6.1. Let v = r + dH + auj be a Mukai vector such that r > 0, d > 0, {r,d) — 1 and a < 0. Then 
H"{X,E) ^0 for a general E £ Mh{v). 

Proof. We shall prove our claim by induction on r. 

(I) Assume that r = 1. Then Mh{v) ^ A x Hilb^'^^^ For Iz € Hilb^'^^^ and L € Pic°(A), we get 
x{Iz{dH) (g)L) = a<0. Hence H°{X, Iz{dH) (g> L) ^ for general Iz and L. 

(II) Let {ri,di) be a pair of integers such that dir — dri — 1 and < ri < r. We set {r2,d2) :— 
{r — ri,d — di). We may assume that rfi > and d — di > 0. We shall choose Mukai vectors Vi :— 
ri -f diH + OiU!, i = 1,2 such that ai < 0, i — 1,2. We shall choose Ei € Mnivi), i = 1,2 such that 
H^{X,Ei) =0. If r2 > 1, then we may assume that E2 is locally free. In this case, we have d2 > 0. Hence 
—x{Ei, E2) = did2{H-) — r2ai — 7'ia2 > 0. Then there is a non-trivial extension 

(6.1) 0^ E2^ E ~^Ei^Q. 

By [ JYSl , Lem. 2.1], E is & /i-stable sheaf. Therefore our claim holds. If r2 — 1, then —x{Ox{d2H),Ei) ~ 
did2{H^) — ai — ridl{H^)/2 = d2{dir2 — rid2/2){H'^) — ai > 0, unless d2 = ai — 0. Assume that ai > or 
d2 > 0. Then we have a non-trivial extension 

(6.2) 0^Ox{d2H)^ E' ^ Ei^O. 

JysI , Lem. 2.1] imphes that E' is a /i-stable sheaf of v{E') = v -\- buj, where b = x{Ox{d2F[)) — x(i?2) > 
x{Ox{d2H)). We choose points a;i,a::2, . . . ,Xb & X such that H°{X,Iz{d2H)) = 0, where Z = {a;i,a;2, . . . ,Xh}. 
If we take a suitable surjection (j> : E' -^ ®i=i'Cxi, then E := ker(j) fits in an exact sequence 

(6.3) Q-f Iz{d2H)-f E-. Ei-^Q. 
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Since v{E) = v, E i s a desired element of Mff{v). Next we assume that ai — d2 = 0. Then we get d — di — I. 
By Proposition |3.5|, the claim holds. D 



By using Lemma 6.1, we get the following proposition. 



Proposition 6.2. Let v ~ l{r + dH) + auj be a primitive Mukai vector oj r,l > Q, d > Q, {r,d) = 1 and 
a < 0. Then H"{X, E) ^ for a general E e Mh{v). 

Proof. We choose integers ai,a2, ■ ■■ ,ai such that J2i=i ^» — '^ ^^^ a^ < for 1 < i < ^ We set Vi :— 
r + dH + UiUJ. By Lemma 6.1, we can choose elements Ei e Mnivi), I < i < I such that H'^{X, Ei) — 0. We 



set E := ®{^T^Ei. Then E is ^-semi-stable and H°{X, E) = 0. Since {v"^) > 2P, the proof of psl, Lem. 4.4] 



implies that our proposition holds. D 



The following is the same as Theorem 4.17 (i) 



Theorem 6.3. Let v = r + dH + acu be a primitive Mukai vector such that d > and a < 0. Then T-p 
induces a birational map Mh{v) •••—!■ M ^{^ J-^ [v)) . 

Proof. By Proposition O, T%{E) = for a general E e Mh{v). Since T^{E) = 0, WITi holds for a general 



E. Then by Corollary 4.15, we get our claim. D 



6.2. Proof of Theorem 4.17 (ii). If d = 0, then by Theorem B.4, we get Theorem 4.17 for this case. Next 
we shall consider the case where d, a > 0. We devide the proof into several cases. 
We first treat the case where d=l mod r. 

Lemma 6.4. (1) Assume that x{Iz{H)) > 0. Then for n > 1, H^{X,Lz{nH) (g) Vx) = except finitely 
many points x ^ X. (2) If x{Iz{H)) = and n> 1, then H^{X,Iz{nH) ®Vx) = for a general x G X. 

Proof. We first prove (1) by induction on n. By Proposition |3.2| , the assertion holds for n = 1. For n > 1, 
we choose a curve C oi C = H (numerical equiv.). Since H°{X,OxiH) (g> Vy) -^ H^{X,Oz{H) ® Vy) is 
surjective for some y € X because of the claim for n = 1, we may assume that C does not meet Z. Then we 
have an exact sequence 

(6.4) ^ Iz{{n - l)H) -^ Iz{nH) ®Vy~> Oc{nH) ®Vy~^Q. 

Since deg{Oc{nH)) = n{2g{C) - 2) > 2g{C) ~ 2, H^{X,Oc{nH) (^ Vx) ^ for aU x e X. Hence if 
H^{X,Iz{{n — 1)H) (g) Vx) — except finitely many points x € X, then the claim also holds for Iz{nH). 



For the claim (2), we use Remark B.l instead of Proposition 3.2. D 



Lemma 6.5. Assume that v = r + H + auj satisfies r > 1 and 2r > (i?^) — 2ra > 0. Then there is a locally 
free sheaf E G Mh{v) such that E fits in an exact sequence 

(6.5) -^ (SlzlVx, -^ E ^ IziH) ^ 0, 

where Xi Cz X . 

Proof. By our assumption, M^{a+H+rLj) ^ 0. We choose an element F £ M^{a + H+roj). By Proposition 



3.2, WIT2 holds for F with respect to Gv and G^{F) belongs to Mh{v). Since r > 1, we may assume that 
E :— Gj>{F) is locally free. We show that E satisfies our claim. Let xi, X2, ■ ■ ■ , Xr-i be distinct points of X . 
Let G be an element of M^ {a + H + uj) which fits in an exact sequence 

(6.6) Q^G^F^ ®\Zl^-x, -^ 0. 
Applying Gv, we get an exact sequence 

(6.7) ^ Gv{®[Zl'C^x^ -^ Gv{F) -^ QviG) ~^ « 

and Gl{G) belongs to Mh{1 + H + aco). We set Iz{H) := G^{G). Since G^{®ZiC-x,) = ©[=i^x,, we get 
our claim. D 

Lemma 6.6. Assume that a > 0. If there is an element E e Mn^r + dH + (a + b)Lu), b > such that 
H^{X, E) = 0, then there is an element F G MH{r + dH + aoj) such that H'^{X, F) = 0. 

Proof. We note that dimiJ*^(X, E) = a + b. For general points Xi,X2, ■ ■ ■ ,xi, G X and a general surjection 
f : E ^ ®LiCx., H°{X,E) -^ H°{X,®t=iCx.) is surjective. Hence 7Ji(X,ker/) = 0. Since kerf is 



/x-semi-stable. Remark 4.4 implies that there is an element F € Mh{t + dH + auj) of H^{X, F) = 0. D 



Theorem 6.7. Assume that r > 1, d = I mod r, d > and a > 0. Then for a general element of 
Mnir + dH + acu), WIT2 folds with respect to Gv- Ii^ particular we have a birational map M}j{r -{- dH -\~ 
auj) ■ ■ ■ ~t M^(a + dH + ruj). 
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Proof. We note that }ioTa{E,'Px) — for all x G X and E g M^ir + dH + auj) . Hence 5p(£') is torsion free. 
If Ext^{E,ra:) = H^{X,E® V-xY = for some cc S X, then g^{E) = 0. Thus WITi holds for a general 



E. So we shall show that H^{X, E (g) V-xY = for some x E X . By Lemma 3.6, it is sufficient to s how our 
claim under the assumption 2r > (P{H^) — 2ra > 0. By Lemma 6.4, our claim follows from Lemma 6.5. D 



We next treat the case where d ; 



-1 mod r. 



Lemma 6.8. Let E be a stable sheaf in Lemma 6.t. Then A := E{—H) satisfies that IL^ {X , A^ {nH)^'Px) ~ 
Ext^{A{-nH),'Px) = 0, n > for a general x e X. 

Proof. We note that there is a curve C oiC = IL which does not meet Z. We first show that Ext^(A|c, Vx) — 
H"{X,Aic «) V^Y = for a general x e X. Since x(Cc) = -(-ff^)/2 < 0, for a general x e X, we have 
iJ°(X, Oc (g> V^) = 0. Hence H°{X, Lz\c ®V^) ^0 for a general x eX. Therefore H"(X, A\c ®V^) = 
for a general x E X. If n > 0, then we have H'^{X, A{—nH)\c ^ Vx) = for all x E X. We consider an 
exact sequence induced by ( |6.5| ): 



(6.8) 



O^O 



X 



A^ 



Let J be the image of /. Then we have a filtration C Ji C J2 C • • • C Jr-i = J such that Ji/Ji^i = Lz^ ® 
r^H). Since Eideg(Zi) = degZ < {H'^)/2, xilz^^V^SH)) = (iJ^)/2 - deg(Zi) > 0. Hence Proposition 
3.2 implies that H^{X, Ji/Ji-i (g) Vx) = for a general x E X. Therefore H^{X, J (g) Vx) = for a general 



X E X, which implies that H^iX, A^ (^Vx)^O for a general x E X. Since Ext^(.4(-(n - l)i/)|c, T^^;) = 
for n > 1 and a general a; S X, by using an exact sequence 

(6.9) ^ A{~nC) ^ A{-{n ~ 1)C) -^ A{-{n - l)C)|c ^ 

we get that Ext^ {A{-nC),Vx) == for a general x E X. D 



By Lemma 6.8, we get the following theorem. 



Theorem 6.9. Assume that r > 1, d — —1 mod r, d > and a > 0. Then for a general element of 
Mnir + dH + olo), WIT2 folds with respect to Q-p. In particular we have a birational map Mnir + dH + 
auj) • • • — > M^{a + dH + rQ). 



Proof. By Lemma 3.6, we may assume that 2r > d {H-) — 2ar > 0. By Lemma 6.8, there is a locally free 
sheaf E E Mnir + dH + aoj) such that H^{X, E) = 0. Therefore we get our claims. D 



In order to complete the proof of Theorem 4.17 (ii), we need two more results. 

-^ M^{a + rdH + ruj), if r,d,a > 



Theorem 6.10. Q-p induices a birational map Mnir + rdH + auo) 
and (r, a) ~ 1. 



Proof. Obviously H^{X,OxidH)®^) — 0. Since a < rd'^{H^)/2, by Lemma 3.6, we get our claim 



D 



Proposition 6.11. Q-p induces a birational map M//(4 + {An + 2)H + acu) ■ ■ ■ ^ Mjj{a + (4n + 2)H + Auj), 
if n> and a is an odd positive integer. 

Proof We set w = 4 + {An + 2)H + {{2n + 1)'^{H'^)/2}uj. Then (w^) = Q. Let E he a semi-stable sheaf of 
v{E) = V. Since E is semi-homogeneous, H^{X, E) = 0. Since a < {2n + l)^(i/^)/2, by Lemma x6, we get 
our claim. D 



Combining all together (Theorem 3/7, 6^, 6.1C and Proposition 6.11 ), we get Theorem 4.17] (ii). 



7. Appendix: Isomorphisms of moduli spaces induced by more general functor Ts 

In this section, we treat more general cases than section 3.1. Let {X,H) be a polarized abelian (or K3) 
surface of {H^) — 2rok, where rg and k are positive integers of (ro, k) — 1. We assume that NS(X) — ZH. 
We set vq :— tq + doCi{H) -t-dgfcwjc, where do is an integer of (rg, do) = 1 and ojx is the fundamental class of 
X. Then (ug) = 0. So y :— Mh{vo) is an abelian (or KB) surface. Since X and Y are isogenous, NS(y) = Z. 
Since (ro, dgk) = 1, there is a universal family £ on X x Y. We assume that 

• f is locally frecQ 



If £ is not locally free, then Fourier-Mukai functor is the same as reflection functor |Mu4|. This case was treated in |Mr 



and 
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Bridgeland [ pr2| , Mukai ||Mu7[ (see Corollary ^ , |Mu8| and Orlov @ proved that £ satisfies conditions (|^ 
and dU). Thus £ defines Fourier-Mukai functor T^ : D(X) -^ D(y). Let T^ : ir™(Js:,Z) -^ iJ™(y,Z) be 
the induced isometry. We set 



(7.1) 



H := Aet{pY\[£ ® Onikro - 2fcdo)))' 



We claim that iJ is a primitive ample line bundle of (ci(i/)^) = (ci(i/)^) 
Proof of the claim: By Grothendieck-Riemann-Roch theorem, we have 

ci(iJ) = 0.,MOHikro - 2kdo)y). 



(7.2) 

By direct computations, we see that vq and v{OH(krQ — 2kdo)Y = 
(Z®NS(X)®Zwx)- Since 

(7.3) 0,„ :(«o)^/Zi;o^i/2(r,Z) 



-{ci[H) + 2kdouJx) generate (wq)^ n 



is an isomorphism, ci{H) is primitive. By Li |L|| (or |BBH2|) and the following lemma, H is ample. Hence 
H \s a, primitive ample line bundle. 

Lemma 7.1. Let X be an abelian surface and w = r + ci + aujx, Ci G NS(X) a primitive isotropic Mukai 
vector of r > 0. Let L be an ample line bundle such that r\{ci{L),ci). Let D be a divisor on C G \L\ of 
degree {C^)/2 - (ci, C)/r. Then 



(7.4) 

is an ample line bundle on Y . 



detipY<X£(E>OciD)))'- 



Proof. Let E he a. quasi-homogeneous vector bundle of v{E) = w. Mukai [ Mul | showed that E is stable with 
respect to any ample line bundle on X. Let m : X x X —i- X he the multiplication map. Then m*E is a 
family of quasi-homogeneous vector bundles of Mukai vector w. Hence we get a morphism (J)e '■ X -^ Mh{w). 
Replacing E hy E ^ L®", n ^ 0, we may assume that ci{E) is ample. Then this map is finite. In order to 
prove the ampleness of L, it is sufficient to prove the ampleness of 4>e{^) = det{p2\{m*E (^ pl{Oc{E>)))y , 
where pi : X x X ^ X is the i-th projection. By using Grothendieck-Riemann-Roch theorem, we have 



ciirEiL)) = -[p2*i^*iw)pliC- 



JcuC) 



LOx))]i- A simple calculation shows that ci(0^(L)) 



JcuC) 



ci- 



Ml 

2r 



c. 



Since X is an abelian surface, (ci(0^(L))2) = a^(ci(i)^) > and (ci(0^(L)), ci) == [ci[L),ci){c\)/2r > 
imply that (j)*^{L) is ample. 



D 



(7.5) 



Since —v{J-£{OH{kro — 2fc(io))) = ci{H) + Atjy, A G Z and T^ is an isometry of Mukai lattice, 

{ci{Hf) = {viTsiOnikro - 2kd^))f) 

= {v{OH(kro - 2kdo)f) = {ci{Hf). 



Lemma 7.2. Let di and I be integers which satisfy di{kdo) — Itq = 1. Then replacing £ by £ (i^pyN, 
N G Pic(F),, we get 



(7.6) 

Proof. We set 

(7.7) 



where a, 6, c G Z. Since J-'£{ 
Hence we get the relation 

(7.8) 



>f (1) = dlk + dolci{H) + froiOY 

T^{ci{H)) = 2dokro + {2dokdi - l)ci(iJ) + {2dok^dl - 2dik)ujY 
jcf (wx) = To + diCi{H) + dlkcuY- 



'ci(.Ff(l)) = aci(iJ), 
Ci(.ff(ci(i7))) = 6ci(iJ), 
[ci(.Ff(^x))=cci(i?), 

£y for y G F, we have T^ {loy) — Vq ■ This implies that J-^{vq) — ojy- 



r^a — dob + d^kc = 0. 



Since (ro,do) = 1, 6 = dofcc mod rg. By the definition of H, —b + 2kdoc = 1. Hence we get kd^c = 1 
mod tq. By the definition of di, we get c = di mod tq. Replacing £ by £ ® }j®{{di-c)/ro) ^ ^g j^g^y agg^jjjg 
that 



(7.9) 



' ci{T^ {ci{H))) =. {2kdodi ~ l)ci(ij), 
ci{T^{LOx))^diCi{H). 
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Since T^ is an isometry, {Tg {to x)^) = (^x) — 0- Hence we get 

(7.10) T^{uox)^ro + diCi{H)+d\kujY- 

Since £ is a universal laniily of stable sheaves of Mukai vector vq, we get the following relations: 



(7.11) 



^iH)^^Y 



T^{uJx) =ro + diCi{H) + dlkcuy 
JF^{-ci{H) + 2kdou;x) = x + ci{H) + yuiy, 

where x,y E 1^. Since T^ is an isometry, we see that a; = and y = 2kdi. Hence we get our lemma. 



D 



Lemma 7.3. We set wq := ro + diCi(H) + d^kuy ■ Then X = Af^(u'o) and E is a universal family on 
M^{wo) X Y. In particular, £\{x}xY^ x E X is a /.i-stable vector bundle. 



Proof. By (2.1), £\!x}xY: a; G X is a simple vector bundle on Y. Since NS(y) = ZH and wq = v{£\rx}xY) 
is an isotropic Mukai vector, £\{x}xy is a stable vector bundle on Y (|Mu4, Prop. 3.14]). Since {r,di) — 1, 
£\{x}xY is /x-stable. Hence there is a morphism ip : X ^ Mg(wo)- By (2.1[), this morphism is injective. 
Since M^(wq) is a smooth projective surface, tp is an isomorphism. D 



In order to generalize Proposition 3.2, and 3.5, let us introduce some notations. Let G be a locally free sheaf 
on X. For a torsion free sheaf £' on X, we define 

rkG(£:) -.^ME^C^), 
(7^2) Aega{E):^dcg{E®G^), 

deggjE) 
Hg[E) . - — — — — . 
rkG(-E) 

For X e D(X) (resp. v{x) G H'^'"{X,Z)), we can also define rkG(x) and deg(3(a;) (resp. TkQ{v{x)) and 
degQ{v{x))). Then we see that 

deg(i?)rk(G)-dcg(G)rk(i?) 

(7.13) ^''^''^ ^ — 



'^"^ ' rk(G)rk(^) 

= ^iiE)-^liG). 

The following lemma is obvious. 

Lemma 7.4. (1) E is ji-stable if and only if 

(7.14) ^iG{F) < tiG{E) 

for any suh sheaf F C E ofrk^F) < rk(£'). 
(2) Let E,F be ^-semi-stable sheaves of fie (E) > ^,g{F). Then Hom(_E, i^) = 0. 

Assume that degg.(_E) = 1. Then it is easy to see that E is /x-stablc if and only if degQ{F) < for any 
subsheaf F C ^ of rk(i^) < rk(_E;). 

Lemma 7.5. We choose points s E X and t E Y. We set 

(7.15) G^--Jxx,.y, 

Then for a Mukai vector v, 

(7.16) degG^v) = -dega,{T^{v)) = dega^^{T^ {vY). 
Proof. We set 

V ~ r + dci{H) + auJx, 
T^{v) = r' + d'ci{H) + a'ujY. 
It is sufficient to prove that r'di — d'r^ — dr^ + rdg. This follows from the following relations which come 



(7.17) 



from Lemma 7.2 

(7.18) 



r' = r{dlk) + d{2dorok) + aro, 
d' = r{dol) + d{2dodik - 1) + adi. 



D 



Due to this lemma, we can use the same arguments as in Propositions 3.2 and 3.5. Hence we get the following 
theorem. 

Theorem 7.6. Keep the notations as above. Let v := r + dci{H) + au)x be a Mukai vector of dr^ + rdo — 1. 
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(i) If —{v,Vq) > 0, then Qg induces an isomorphism Mh{v) — > Mjj{J-^{vy). 
(ii) If {v,Vq) > 0, then Ts induces an isomorphism, Mh{v) -^ Mg{—Tg{v)). 



Example 7.1. Keep the notations as above. We set 
(7.19) 




ran, 



where s > 0, stq > n > and (ro, n) = 1. Then {v ) = 2s and {v, Vq) — n > 0. Applying The orem 7.6 , we 



get an isomorphism Mh{v) -^ Mfj{—Tg{v)). In particular, we get a more direct proof of |YT, Thm. 0.2] 



Example 7.2. We shall explain an example of two different K3 surfaces X^Y such that Hilb^ and Hilby 
are isomorphic or birational for some n. Let {X, H) be any polarized K3 surface of (i?^) = 12. We set 
Wo := 2 - iJ + 3wx and Y := Mh{vo)- Then F is a K3 surface of H'^iY,!,) = U(f/Zuo. Under the 
identification —9vg : Vq/Zvq — > H'^{Y,'Z), Li ^JJ] implies that H :— H — Quox is a nef and big divisor and 
H is ample if and only if Y consists of /z-stable vector bundles. In general, {Y,II) ^ {X,H) ( |MuS , Rem. 
10.13]). 

Proof of the claim: Let A^i2 be the moduli space of polarized K3 surfaces of degree 12 and A^i2 the 
moduli space of quasi-polarized K3 surfaces of degree 12. Then the correspondence {X, H) i-^ (F, H) gives 
a morphism AI12 — > A^i2. Since A^i2 is quasi-projective (and hence Hausdorff), we shall prove that 
{X, H) ^ (F, H) for an elliptic K3 surface tt : X ^ P^ of p{X) — 2. We may assume that there is a 
section cr of tt and H = a + 7/, where / is a fiber of tt. Assume that {X, H) = (Y, H). Then there is an 
isometry ip : NS(X) -^ NS(F) such that ipiH) = H. By direct computations, we see that Vq is generated by 
ei :— 1 — 3/, 62 :— 2f — ux and vq. Hence NS(F) = Zei©Ze2, where (ei, ei) = (e2, 62) = and (ei, 62) = 1. 
Since H — H — Quox = 2 — ZuJx mod Zwq, H = 2ei-|-3e2. We set il^{(j + f) — aei + he^ and V'(/) = cei+de2. 
Since ip is an isometry, ah — cd — 0. By ip{H) = H, we get aei + be2 + 6(cei + ^62) = 2ei + 3e2. Thus 
a + 6c — 2 and & + 6(i = 3. Since ab — 0, this is impossible. Therefore {X, H) ^ {Y, H). 

We shall choose a polarized K3 surface (X,iJ) such that p{X) = 1 and {X,H) ^ (F,//). Since p{X) = 
p(y) = 1, X 7^ y. We shall consider Fourier-Mukai functor defined by wq- We shall choose di = — 1 and 



/ = 1. Let £" be a universal vector bundle on X x y. Then, by Lemma 7.2, we may assume that 



fj^f (1) = 3-if + 2cjy 
(7.20) \T^{H) = -l2 + bH-\2ijjY 

\T^{uJx) = '2-H + iujY. 

By g^ = D o J^^ , wc get an isomorphism Mh(1 + 11 + 5ujx) = A%(1 + 11 + 5ujy)- Thus Hilb^ = Hilby. 
Since J^g [^ + 11 + Auix) = ^(1 ~ 2ci;y), we also get an isomorphism Hilb^ = Hilby. 

For n = 4, we still have a birational map Hilb^ • • • ^ Hilby. In this case, Hilb^ ^ Hilby. We first 
construct a birational map Hilb;,^- • • • ^ Hilby and next we show that Hilb^ ^ Hilby . 



(1) Construction of birational map: By Theorem 7.6, T^ induces an isomorphism Af/f (1 + 11 + 3cjx) — 



Mj^{i — H + luy)- We sei V = 1 + H + iuJx and w :— ~!Fg{v). By taking the dual of i? G Mj^{w), we get a 
birational map Mfj{w) > M^(w^). We set i) := 1 + .& + 3wy. Since {{w"^ + v{Ox)f) < -2, ^, Rem. 



2.3] implies that H^{Y,E) = for all E e Mj^{w). Then Gj^ induces an isomorphism Mf^{w'^) -^ M^{v), 
where /a is the ideal sheaf of the diagonal A C F x y (this is due to Markman |Mi]). Hence we get a desired 
birational map 

(7.21) Mh{v) -^ Mf^iw) > Mg(u;^) ^ M^{v). 

(2) We shall next prove that Mh{v) ^ M^{v). We first describe the ample cone of Mh{v) and M^{v). We 
claim that 

(a) 

(7.22) Amp(Mff (t-)) = (Q>o0.(-(i/ + 12u;x)) + Q>oe.„(4 + H). 

(b) Q>o6'^,(-(i/ + I2ujx)) gives the Hilbert-Chow morphism Mh{v) -^ S'^X. 

(c) By the identification Mh{v) = Mj^{-T^{v)), Q>o6'„(4+iJ) corresponds to the morphism A%(-.Ff (w)) 
Ng{—!Fg{v)), where N^{—!F^{v)) is the Uhlenbeck compactification of the moduli space of //-stable 
bundles. 
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Proof of (a), (b), (c): Let Z be the closed subscheme of Mh{v) such that J-£{Z) is the set of non-locahy 
free sheaves. We shah show that Z ~ ^siZ) is a P^-bundle over X x Y. For simphcity, we only give a 
set-theoretic description oi !F£{Z) here. For more detail, see the argument in section 4.4. 
Description oi T£{Z): For E £ T£{Z), there is an exact sequence 

(7.23) 0^ E^ E'''' ^Cy^O, 

where -E^^ £ -^^^(3 — H + 2u!y) and y £ Y. Since Ge induces an isomorphism X = Mh{1 + H + 6ujx) — 
Mg(3 + 2^ + 8ujy) and A'fjj(3 + 2H + 8ujy) = M^(3 -H + 2ujy), TsiZ) is a P^-bundle over X xY. 

We return to the proof of (a), (b), (c). By Li Q, Q>o^tu(— (^ — 4tjy)) gives the contraction Mj^{w) -^ 
Nf^jw) which contracts all fibers of :^|^(^) ^ X xY. Hence 6'„(4 + i7) = e^{-{H - Aloy)) (cf. Proposi- 



tion 2.4) gives a boundary of the ample cone. Since the other boundary corresponds to the Hilbert-Chow 
morphism and it is given by QyQ9y(—{H + 12wx)), we get our claim. 
In the same way as above, we see that 

(a') 
(7.24) Amp(M^(*)) - Q>o^„(-(i/ + 12^y)) + Q>oe„(4 + H). 

(b') QyoOvi-iH + Uluy)) gives the Hilbert-Chow morphism Mfj{v) -^ S'^Y. 

(c') By the identification M^{v) = Mj^{w^), Q>o^«(4 -I- H) corresponds to the morphism M^{w^) -^ 

Now we can show that Mniv) ^ Mfj{v): Assume that Mh{v) = M^{v). Then the isomorphism induces 
an isometry C, : H'^{Mh{v),'Z) -^ H"^ {M jj(v) ,2,) such that C{Ey) = Ey, where E^ and Ef, are exceptional 
divisors of Hilbert-Chow morphisms. Hence we get an Hodge isometry H'^{X,'Z) — E:^ -^ E^ — H'^{Y,Z). 
Then Torelli's theorem implies that X = Y, which is a contradiction. Therefore Mh{v) ^ M^{v). D 

As a final remark, we shall consider the relation between Mh{v) and Mg{v). Let Z be the closed 
subscheme of Mj^{v) such that Qi^{Z) is the set of non-locally free sheaves. Then Z is a P^-bundle over 
X X Y. We claim that Mh{v) is the elementary transform of M^(v) along Z . 

Proof of the claim: Let M^{v) -^ M^{v) be the blow-up of M^{v) along Z and E the exceptional divisor. 
Let <^ : Mj^{v) -^ Mf^{v)' be the contraction to another direction, that is, M^{v)' is the elementary 
transform of Afg(f)) along Z. Assume that 9y{2A + IH + 12wy)|/ = £'/(— n), where / is a fiber of Z ^ 
X xY . Then 6{,{2A + 7H + 12(jjY){—nE)\g is trivial for all fibers g of £,. Hence there is a line bundle £' 
on M^{v)' such that ^*£' = 9y{rn{A + H) + (24 -I- 7^ + 12wy))(-n^). If we choose a sufficiently large 
m, then C is nef and big. Hence base point free theorem implies that there is a morphism Mj^(v)' — > 

Proj(®feifO(Mg({))',£'®'')). We set C := 6l„(m(4 + H) ~ {H + 12ujx))- Since m is sufficiently large, C is 
ample. By the canonical identification Pic(M|j^({))') = Pic{Mj^{v)) — Pic{MH{v)), we can identify £' with 

C. Since H°{M^{vy ,C'®^) = H°{Mh{v),C'^^) and C is ample, we get a morphism : M^(i))' -^ Mh{v) 
which is an isomorphism. 



Remark 7.1. By using Example 7.1 , we can construct more examples of such pairs X, Y: In the notations of 



Example 7.1, if ro, fc > 1, then we can show that Mh{vo) ^ X for a general X. If we choose n = ±1, then 



we have Hilbx+^ = Hilb^+\ 

8. Appendix: Deformation types of moduli spaces of stable sheaves on K3 surfaces 
In this section, we shall prove the following theorem. 

Theorem 8.1. Let v — l{r + a) + aui, a G NS(Ar) be a primitive Mukai vector of I — £{v). Assume that 
rku > or ci is ample. Then Mh{v) is deformation equivalent to Hilb^ 



8.1. Proof of the theorem. The proof is very similar to that of Theorem 0.1. However there may be a 
(— 2)-curve on a K3 surface. Thus for a divisor D, [D"^) > does not imply ampleness of D. Hence we need 



a modification of the proof of Theorem 0.1 



8.1.1. The case where rkv > 0. We first assume that rku > 0. By Mu4 | and [V7|, we may assume that 
(w^) > 0. Let X be a K3 surface and v — l{r + ci) + auj, C\ E NS{X) a primitive Mukai vector such that 
/ = £{v) and 2ls := (w^) > 0. We take a positive integer k such that n := rk — (cf )/2 > 0. Since {I, a) — 1, 
we may assume that b + lr :— a — kl and r are relatively prime. Let L be an even lattice whose intersection 
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matrix is given by 

/O 1 

(8.1) 1 

\0 

By Nikulin Q, it has a primitive embedding into the K3 lattice. By the surjectivity of period map, there 
is a K3 surface Y whose Picard lattice is isometric to L. Since L contain a hyperbolic lattice, there is an 
elliptic fibration tt : F — > P^ which has a section a. Let / be a fiber of n. If there is a reducible fiber, then 
we see that n = 1. Assume that n > r^. Then every fiber of n is irreducible. Let ^„ be a divisor such that 
(^„) = -2n and (C„, /) = (?„, a) = 0. 



(w^) 



We set w := l{r + (-^n + /)) + [b + lr)uj. By Remark |3J, M^+kfiw) = M^+kfiw), fc > 0. Since 



2Zs, by Proposition 4.12| , it is sufhcient to prove Theorem 8J for Afo-+fe/(w), fc S> 0. By Theorem 



p. 15 , we have an isomorphism 



(8.2) M,+kf{lr + /(-e„ + /) + (& + lr)u) ^ M^+^fmn + ra) - bf + l{r + l)u;), k » 0. 

Since D :— l{in + 'ra) — bf satsifies (_D^) — 2ls>Q and i/°(F, Oy (—!?)) = 0, Ricmann-Roch theorem implies 



that D is effective. Assume that D is ample. Since (6, r) = 1, Z? is a primitive ample divisor. By | Y5, Thm, 



0.2] (or Proposition 4.12, Theorem 7.6 and Example 3.1), our theorem holds for the case where t{v) = 1. 



Thus Mc,+kf{D + l{r + 1)lu) and hence Ma+kf{w),k » is deformation equivalent to Hilby 

Ampleness of D: We shall prove that D is ample unless r\n — 1 and —h < l{n + l)/r + rl. Let C := aa + 
Xf + (3£,n, a,(3,X £ Zhe a (— 2)-curvein Y. Since {aa + Xf + (3S,n)'^ = —2, A ~ {nj3'^ + a^ — l)/a is an integer. 
Since every fiber is irreducible, we get a > 0. By our assumption, {v^) — (-D^) = —2P{n + r^) — 2lbr > 0. 
Thus —b > l{n + r'^)/r. Then we see that 

(L», C) = -2nip -ba + Xlr - 2alr 

> l{-2nj3 + Xr - 2ar + a{n + r'^)/r) 

(8.3) = l{n{~2j3 + j3'^r/a + a/r) + ar - r/a - 2ar + ra) 

— l{na/r{(3r/a — 1) — r/a) 

= l{n{(3r - a)^ - r^)/ar > 0, 

unless a = rfi. If a = r/3, then A = {n0^ + r'^0^ — l)/r[3. This implies that /3 = 1 and r\n — 1. Hence if 
r /fn— 1, then D is ample. Assume that r|n— 1. If — 6 > ^(rt + l)/r + rZ, then we see that (£>, rcr + A/ + ^„) > 0. 
Therefore, D is ample. Thus our claim holds. 

We shall next treat the remaining case (i.e. —b < l{n + l)/r + rl). In this case, {D,ra + Xf + ^„) < 0. 
Thus D is not ample. By deforming the pair (Y,D), we shall reduce the problem to the case where D is 
ample. Let {y, C) ^ T he a family of polarized K3 surfaces of (Cf) = 2k such that the period map of 
polarized K3 surfaces is submersive for every point of T. Replacing T by a suitable covering, we assume that 
{y,C) -^ T has a section. Let (^ be a numerical equivalence class of {C,:Ct) = {D,a + kf) and (C^) = 2sl. 
Let vj : ViCy.j, — > T be the relative Picard scheme over T and V be the universal family of line bundles. For 

a point X of Pic^ ,j,, we choose a sufficiently small open neighbourhood U oi x. Then by the description of 
the period domain, [/ — > T is an immersion of codiniT- U = 1. Assume that w(x) corresponds to (y, a + kf) 
and X corresponds to D. Then in a neighborhood of x, there is a point y such that /3(3^ro(y)) — 2 and Vy 
is ample. Indeed, it is easy to see that ra + ^„ + (r + (n — l)/r)/, D and a + kf are linearly independent. 
Hence if p{y^(y)) = 2, then rcr + ^n + {r + {n — l)/r)f does not belong to Pic(3^n7(y))- Thus Vy must be 
ample. Moreover we may assume that Af£^j^, (01(7^^) + l{r + l)ujy) = M^^^^^ (ci('Py) + K''' + ^)^y)- 

By using the family y Xt Pic^ /j, -^ Pic^ ,j,, we see that Ma+kf{D + l{r+ l)uj) is deformation equivalent 
to Mc^ AciiVy) + l{r + l)LOy)^ where ujy is the fundamental class of y^uiy)- Since Vy is ample and Vy is 

primitive, M^^, Aci{Vy) + l{r + Vjujy) is deformation equivalent to Hilby^^. Therefore our theorem also 
holds for this case. D 

8.1.2. The case where rku = 0. We next treat the case where rku — and ci{v) is ample. Let Y be the 
same K3 surface as above. Then we have an isomorphism 

(8.4) M,+kf{l - Kn + (a - 0/ + (1 + b)luo) = AU+kf{l{^n + a - bf) + aLu),k :^ 0. 

In the same way as above, we see that D := ^„ + ct — bf is ample for — 6 > n + 2. If — 6 = n + 2, then 
{D, C) > except for the (— 2)-curve C = tr + ^„ + nf. Hence D and a + kf deform to ample divisors. We 
note that (D^) = 2{—b — 1 — n). Since we can take an arbitrary positive ~b— 1 — n, our theorem also holds 
for this case. D 



.2. A remark on Theorem |8.l| . 
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8.2.1. A remark on Theorem 8.1. In the notation of 5.1, assume that r|((c^)/2 + 1) and (w^) < 2P (this case 
corresponds to {D,aa + A/ + /3^„) < 0). We note that vq := r + ci + {{{cf)/2 + l)/r}uj is a (— 2)-vector. 
We set V := Ivq — bto. Since < (f^) < 2Z^, we get I < bikvQ < 21. Then w :— {brkvQ — ^)i;g — bui satisfies 
(w^) > 2i{w)'^. For a general polarization H, let Eq be the stable vector bundle of v{Eo) — vq. We set 
Xi = ^2 = X and Pi : Xi x X2 ^ Xi, i = 1,2 the projections. We set 

(8.5) £ := ker(ei; -.EaME^^ Oa), 

where A C Xi x X2 is the diagonal and ev is the evaluation map. Then £\{xi}xx^^ ^1 G ^i (resp. £\Xix{x2}j 
X2 e X2) is a stable sheaf of v{£\[xi}xX2) = '^o (resp. oiv{£\Xix{x2}) = '^o')- 

We consider a functor Hg : 'D{Xi) -^ 'D{X2)op which is the composition of reflection by vq with the 
taking dual functor: 

(8.6) Hsix) := RHomp,(pJ(x),£),x e D(Xi). 

Then we have the following theorem. 

Theorem 8.2. Assume that I < 6rkvo < 21. ThenTig induces an isomorphism MH{lvQ—bLo) -^ Mi/((6rkiio- 
1)vq — buj) for a general ample divisor H . 



8.2.2. Proof of Theorem 8.i. Let X be a K3 surf ace o r an abelian surface. We shall prove a generalization 
of T heorem B.2 which is also a generalization of | Mu5 , Cor. 4.5]. In order to state our theorem (Theorem 
B.4), we prepare some notations. 

Let vi :— ri + ci + aiojx, ri > 0, ci g NS(X) be a primitive isotropic Mukai vector on X. For a general 
ample divisor _ff, we set F := Mh{vi). Assume that there is a universal family £ on X x Y. We set 
wi :— v{£^xx{y}) = ri +ci +aiu;Y, V ^Y. We consider a functor Tis : D(X) -^ D(F)op defined by 

(8.7) Heix) :== -R.Yio^p^{p*x{x),£),x (^ D(X), 

where px : X x Y ^ X (resp. py : X x Y ^ Y) he the projection. Then Tig gives an equivalence of 
categories and the inverse is given by 

(8.8) Hsiv) := RHomp,(p;,(2/),£:),y e T>{Y)op. 

Tis induces an isometry 7f™(X,Z) -^ H^"{Y,'£). We denote it by Tif . We also denote the inverse (H^y^ 
byHf. 

Remark 8.1. li £ is locally free, then Hs = Gs^ ■ 

We have an isomorphism NS(X)(g)Q-^ v^riujj^ by sending D e lSiS{X)®Qto D + ^{D,ci)ujx e v^Hujj^. 
Since Hg induces an isomorphism v^Dujx -^ Wj'^nwy, we have an isomorphism S : NS{X)(E)Q — > NS(y)(8)Q. 
This map is nothing but — 0^,^ in (O). For a Q-line bundle L € Pic(X) (g) Q, we choose a Q-line bundle L 
on Y such that 6{ci{L)) = ci{L). Let H be an ample line bundle on X. Then Lemma 7.1 implies that H is 
ample, if y consists of /i-stable vector bundles. By the proof of |Y7, Lem. 2.1], Y consists of /i-stable vector 
bundles unless £ is given by ( |8.5| ). In this case, a direct computation (or Q) shows that H is ample. 

Assume that 

{•k) (i) H is an ample divisor on X which is general with respect to v and H is an ample divisor on Y 
which is general with respect to —T-L^{v). 
(ii) £\!x}xY is stable with respect to H. 

Remark 8.2. • If NS(A') = Z, then the assumption {-k) holds. 

• If X is abelian or Y consists of non-locally free sheaves, then the assumption (•) holds for a general 
H. 

Problem. Is £\{x}xy always stable with respect to HI 

For a coherent sheaf £' on X (resp. F on F), we set deg(£') :— {ci{E),H) (resp. deg(i^) := {ci{F),H)). 
We consider twisted degree (iegQ_^{E) and degQ^{F), where Gi :— £\xx{y} and G2 ;= £\{x}xy- Then 

Lemma 8.3. degG,^(u) = deg^^in^ (v)). 
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Proof. 

degGi(w) = ((rkui)ci(w) - {rkv)ci{vi),H) 

= ((rkui)w- {rkv)vi,H + -{H,ci)uJx) 

r 

= {{ikvi)v,H + -{H,ci)ujx) 
r 



D 



(8-9) = {{ikwi)n£ (v), H + -{H,ci)ujy) (■.• Wf is an isometry) 

r 

= {{rkwi)n^{v)-{Tkn^{v))wi,H+-{H,di)LJY) 
= {{ik w^)c,{n^{v)) - (rkTif (z;))ciK),i?) 

Definition 8.1. For a Mukai vector v — Ivi ~ aojx, l,a E jri-rZ, we set l{v) :— I and a{v) :~ a. 

Since H^ {vi) — ujy and H^ {wi) = ux, we get 

(8.10) Tig {Ivi — aujx) = i^Y — awi. 

We can now state our theorem. 

Theorem 8.4. Assume that l,a> 0. Then Tie induces an isomorphism Mh{Ivi — aux) — > M^(awi ~~Iluy) 
for a general ample divisor H on X which satisfies (*). 



By p.2| , Theorem 8.2 follows. In order to prove Theorem p.4| , we prepare some lemmas. 

Lemma 8.5. Assume that a > 0. Then iioin{£\xx{y}, E) — for all y E Y and E E Mh{v). 

Proof. Since £\x-x{y} smd E are semi-stable, it is sufficient to show that —a{£\xx{y})/l{^\xx{y}) > —a/l. 
Since v{£ixx{y}) = vi, -a{£\xx{y})/l{£\xx{y}) - {-a/l) = a/l > 0. D 

Lemma 8.6. For a jj,- semi- stable sheaf E ofv{E) — v, there is a finite subset S <ZY such that Hom(_B, £\xx{y}) 
for ally eX\S. 

Proof. Considering Jordan-Holder filtration of E with respect to /^-stability, we may assume that E is /i- 
stable. li £\xx{y} is locally free, then obviously the claim holds. Hence we assume that £\xx{y} is not locally 



free. Under the notation (8.5), if £'^^ j^ Eq, then clearly Hom(i?, i^o) = 0. Hence }loTa{E,£\xx{y}) = for 



aU y eY. li £;^^ = Eq, then Iioia{E,£\xx{y}) = for y e F \ Supp(^^^/^). D 

Proof of Theorem \8.^. By the symmetry of the condition, it is sufficient to show that WITi holds for 



E E Mh{v) and Til^E) is stable with respect to H. By Lemma U and ||6|, WITi holds and HUE) is 
torsion free. We shall show that E is semi-stable. 

(I) T-L\{E) is ^- semi- stable: Assume that T-L\{E) is not ^-semi-stable. Let C Fi C i^2 C • • • C i^s = 
TCg(E) be the Harder-Narasimhan filtration of Ti\{E) with respect to /x-semi-stability. We shall choose 
the integer k which satisfies (iegQ^{Fi/ Fi^i) > 0,i < k and degQ^{Fi/Fi-i) < 0,i > k. We claim that 
■H°g{Fk) = and nl{nl{E)/Fk) = 0. Indeed degg^(F,/i^,_i) > 0, i < fc and the /i-semi-stability of F,/Fi_i 
imply that Hg(-P,/i^,_i), i < fc is of dimension 0. Since ■Hl{F^|F^-l) is torsion free, Wg(i^,/i^j_i) = 0, i < fc. 
Hence 7i^(i^fc) = 0. On the other hand, we also see that 'H'^{Fi/Fi^i) — 0,i > k. Hence we conclude that 

nl{nUE)/Fk)^o. 

So Fk and T-L\{E)/Fk satisfy WITi and we get an exact sequence 
(8.11) ^ HliHliE)/Fk) ^E^ nliFk) ^ 0. 



By (8J), degQ^{'Hl{Fk)) — — dcgQ^{Fk) < 0. This means that E is not /x-semi-stable with respect to H. 
Therefore ^{^{E) is /i-semi-stable with respect to H. 

(II) TL\{E) is semi-stable: Assume that Ti\{E) is not semi-stable. Then there is an exact sequence 

(8.12) Q -^ Fi ^ nl{E) ^ F2 -^ Q 

such that (i) F2 is stable and (ii) -a{F2)/l{F2) < -a{nl{E))/l{Ul{E)) = -//a, where ^(i^a) = ^(^2)^1 - 
a{F2)ujY. Since -a{F2)/l{F2) < -l/a < 0, Lemma U and ^ imply that ^^(-Fa) = H|(F2) = 0. We also 
obtain that 7i°(Fi) — 0. Hence we have an exact sequence 

(8.13) ^ ■Hl{F2) ^ E ^ nl{Fi) ^ 0. 
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Since 7Y^(7i^(^)) = E, TiKFi) = 0. Thus WITi also holds for Fi. By (ii), we see that 

-a -ajnliF^)) _ -a , IjF^) 
(8.14) ^ 



m{F,)) 



I a{F2) 
~aa{F2) + ll{F2) 



HF2) 



<0. 



This means that E is not semi-stable. Therefore 7i^(-E) is semi-stable. 



D 



Acknowledgement. I learned Dekker's thesis from G. van der Geer and T. Katsura. I would like to thank 
them very much. I would also like to thank E. Mark man, S . Mukai, K. O'Grady and M.-H. Saito for valuable 
discussions and Hernandez Ruipcrcz for explaining |H-M]. Most part of this paper was written during my 
stay at Max Planck Institut fiir Mathematik in 1998-99. I would like to thank Max Planck Institut fiir 
Mathematik for support and hospitality. Finally I would like to thank the referee for valuable suggestions 
to improve this paper. 



[A] 

[A-K] 

[BBHl] 

[BBH2] 



[B] 

[Brl] 

[Br2] 

P] 

[F] 

[F-L] 

[G] 
[Go] 

[G-H] 

[H-M] 

[Hi] 

[Hu] 

[J-M] 
[K] 
[L-B] 
[Li] 

[Mai] 

[Ma2] 

[Mr] 

[Mul] 

[Mu2] 

[Mu3] 

[Mu4] 

[Mu5] 

[Mu6] 
[Mu7] 

[Mu8] 
[Mu9] 
[N] 

[O] 

[Or] 



References 

Angliel, C., Fibres vectoriels stables avec X = sur une surface abelienne simple, Math. Ann. 315 (1999), 497-501 

Altman, A., Kleinian, S., Compactifying the Picard scheme, Adv. in Math. 35 (1980), 50—112 

Bartocci, C., Bruzzo, U., Hernandez Ruiperez, D., A Fourier- Mukai transform for stable bundles on K3 surfaces, J. 

Reine Angew. Math. 486 (1997), 1-16 

Bartocci, C., Bruzzo, U., Hernandez Ruiperez, D., Existence of fi-stable vector bundles on K3 surfaces and the 

Fourier- Mukai transform, Algebraic geometry (Catania, 1993/Barcelona, 1994), 245-257, Lecture Notes in Pure and 

Appl. Math., 200, Dekker, New York, 1998 

Beauville, A., Varietes Kdhleriennes dont la premiere classe de Chern est nulle, J. Diff. Gcom. 18 (1983), 755-782 

Bridgeland, T., Fourier- Mukai transforms for elliptic surfaces, J. reine angew. Math. 498 (1998), 115—133 

Bridgeland, T. . Equivalences of t riangulated categories and Fourier- Mukai transforms. Bull. London Math. Soc. 31 



(1999), 25-34, |math.AG/9809114 

Dekker, M., Moduli spaces of stable sheaves on abelian surfaces. Thesis, Universiteit van Amsterdam 

Fulton, W., Intersection Theory, Erg Math. (3. Folge) Band 2, Springer Verlag, 1984 

Fahlaoui, R., Laszlo, Y., Transformee de Fourier et stabilite sur les surfaces abeliennes, Compositio Math. 79 (1991), 

271-278. 

Gieseker, D. On the moduli of vector bundles on an algebraic surface, Ann. of Math. 106 (1977), 45-60 

Gdttsche, L., Hilbert schemes of zero- dimensional subschemes of smooth varieties. Lecture Notes in Mathematics, 

1572. Springer- Verlag, Berlin, (1994) 

Gottsche, L., Huybrechts, D., Hodge numbers of moduli spaces of stable bundles on K3 surfaces. Internal. J. Math. 

7 (1996), 359-372 

Hernandez Ruiperez, D., Mufioz Porras, J. M., Structure of the moduli space of stable sheaves on elliptic fibrations. 

Preprint Universidad de Salamanca, (1998) 

Hironaka, H., An example of a non-Kdhlerian complex-analytic deformation of Kdhlerian complex structures, Ann. 

of Math. 75 (1962), 190-208 

Huybrechts, D., Compact Hyperkdhler Manifolds: Basic Results, ilg-gcom/9705025 

Jardim, M., Maciocia, M., A Fourier- Mukai approach to spectral data for instantons, math. AG/0006054 

Knutson, D., Algebraic Spaces, Lecture Notes in Math. 203, Springer- Verlag 

Lange, H., Birkenhake, Ch., Complex Abelian Varieties, Springer- Verlag 

Li, J., Compactification of moduli of vector bundles over algebraic surfaces. Collection of papers on geometry, analysis 

and mathematical physics. World Sci. Publishing, River Edge, NJ, (1997), 98-113 

Maruyama, M., Moduli of stable sheaves II, J. Math. Kyoto Univ. 18 (1978), 557-614 

Maruyama, M., Moduli of algebraic vector bundles, in preparation 

Markman, E., Brill-Noether duality for moduli spaces of sheaves on K3 surfaces, piath. AG/9901072 

Semi-homogeneous vector bundles on an Abelian variety, J. Math. Kyoto Univ. 18 (1978), 239-272 
Duality between D{X) and D{X) with its application to Picard sheaves, Nagoya Math. J., 81 (1981), 



Mukai, S. 
Mukai, S 
153-175 
Mukai, S. 
101-116 
Mukai, S, 
341-413 
Mukai, S. 



Symplectic structure of the moduli space of sheaves on an abelian or K3 surface. Invent, math. 77 (1984), 
On the moduli space of bundles on K3 surfaces I, Vector bundles on Algebraic Varieties, Oxford, 1987, 
Fourier functor and its application to the moduli of bundles on an Abelian variety. Adv. Studies in Pure 



Math. 10 (1987), 515-550 

Mukai, S., Moduli of vector bundles on K3 surfaces, and symplectic manifolds, Sugaku Expositions, 1 (1988), 139-174 
Mukai, S., Abelian variety and spin representation (in Japanese), Proceedings of symposium "Hodge theory and 
algebraic geometry (Sapporo, 1994)", 110-135: English translation, Univ. of Warwick preprint, 1998 
Mukai, S., Duality of polarized K3 surfaces. Proceedings of Eur oconference of Alg ebraic Geometry, 1996 to appear 
Mukai, S., Non-Abelian Brill-Noether theory and Fano 3-folds, alg-gcom/970401E| 

Nikulin, V. V., Integral symmetric bilinear forms and some of their applications, English translation. Math. USSR 
Izvestija, 14 (1980), 103-167 

O'Grady, K., The weight-two Hodge structure of moduli spaces of sheaves on a K3 surface, J. Algebraic Geom., 6 
(1997), no. 4, 599-644 

Orlov, D., Equivalences of derived categories and K3 surfaces, J. Math. Sci. (NY), 84 (1997) 1361—1381 

37 



[Yl] 

[Y2] 

[Y3] 
[Y4] 
[Y5] 
[Y6] 

[Y7] 



Simpson, C, Moduli of representations of the fundamental group of a smooth projective variety I, Publ. Math. I.H.E.S. 

79 (1994), 47-129 

Yoshioka, K., The Betti numbers of the moduli space of stable sheaves of rank 2 on P^ , J. reine angew. Math. 453 

(1994), 193-220 

Yoshioka, K., Chamber structure of polarizations and the moduli of stable sheaves on a ruled surface, Internat. J. 

Math. 7 (1996), 411-431 

Yoshioka, K., Some notes on the moduli of stable sheaves on elliptic surfaces, Nagoya Math. J. 154 (1999), 73-102 

Yoshioka, K., A note on the universal family of moduli of stable sheaves, J. reine angew. Math. 496 (1998), 149-161 

Yoshioka, K., Some examples of Mukai's reflections on K3 surfaces, J. reine angew. Math. 515 ( 1999^. 97-123 

Yoshioka, K., Albanese map of moduli of stable s heaves on abelian s urfaces. math.AG/9901013| , Some examples of 

isomorphisms induced by Fourier-Mukai functors, piath. AG/9902105 

Yoshioka, K., Irreducibility of moduli spaces of vector bundles on KS surfaces, Tiath. AG/9907001 



Department of mathematics, Faculty of Science, Kobe University, Kobe, 657, Japan 
E-mail address: yoshioka@math.kobe-u.ac.jp 



38 



